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Abstract

We study planar Robin eigenvalues when a scaled interior hole shrinks to a prescribed point, with the
same fixed nonzero real Robin parameter on the outer and inner boundaries. We establish a complete
multiscale description of every branch of a multiple limiting eigenvalue for arbitrary Lipschitz holes
with connected exterior. The leading coefficients are Schur complements of an exterior harmonic energy
matrix on the vanishing-order filtration. A nonnodal direction, when present, moves at first order
with the sign of the Robin parameter; all nodal directions move down at even powers determined by
their orders. We then construct an area-preserving analytic family of strictly convex holes near a disk.
Outside a countable exceptional set of shape parameters, a single selected shape separates every fixed
eigenvalue cluster, including at common nodal points. The smallness threshold for the hole size depends
on the spectral window. Quantitative correctors, a two-term nodal formula and a nonnodal logarithmic
correction accompany the splitting result.

1. Introduction and attribution

Small holes constitute a singular domain perturbation. A complete splitting theorem needs estimates that
remain effective for eigenfunctions vanishing to different orders at the concentration point; one leading
unweighted matrix estimate can miss entire branches. In the plane, the exterior Neumann corrector also
requires a normalization modulo constants because a homogeneous Sobolev estimate does not control
them.

The main result is stated in Section 2. Its proof uses the arbitrary-hole planar asymptotics in Sections
3-15 and an explicit variation of the exterior energy coefficients in Sections 16-19. The hole center remains
fixed. The selected hole shape is independent of the spectral window, whereas its size threshold may
depend on that window. We do not claim a uniform threshold for the entire infinite spectrum.

Felli-Roychowdhury-Siclari [FRS26] establish Robin spectral stability for either sign of the parameter
and sharp simple-eigenvalue asymptotics, with a planar restriction to round holes for their nodal coef-
ficient. Their final Remark 2.10 leaves multiple Robin eigenvalues and splitting for future work. Their
perturbative framework, uniform extension and trace estimates are prior work. We include the needed
compactness arguments and derive quantitative cutoff residuals to make the planar remainder explicit.



Felli-Liverani-Ognibene [FLO26] obtain generic reduction of multiplicity under removal of a spherical
Neumann hole as its center varies, and complete splitting for double eigenvalues. Their arbitrary-hole
leading matrix is proved in dimensions at least three; their planar theorem treats disks. Their earlier
work [FLO25] supplies the related simple-eigenvalue analysis.

Abatangelo-Léna-Musolino [ALM26] correct the multiple-eigenvalue coefficients in the Dirichlet-hole
theory of [ALM22]. Their corrected vanishing-order and matrix analysis is essential prior work: the
projection method, filtration, and Schur-complement interaction are not claimed new here. The present
calculations establish the Robin PDE coefficients and handle the possible coexistence of positive and
negative shifts.

Shape differentiation of generalized polarization tensors and its Fourier interpretation are also prior
work [AKLZ12]. Full splitting for other singular perturbations occurs in Gadyl'shin's boundary-patch
problem [Gad93]. The distinction pursued here is the fixed-center, single-hole Robin conclusion with
arbitrary finite multiplicity and explicit behavior at all nodal orders. Earlier expansion and repeated-
eigenvalue frameworks [AKLZ10, LdC12, Dab17, Dab22| remain relevant. The inspected report [Dab17]
gives leading matrix laws for grounded and conductivity inclusions; its stated applications do not give
the fixed-center all-order Robin conclusion. The source-access limits of this comparison are disclosed in
Section 20.

2. Main splitting theorem

Fix a bounded connected Lipschitz planar domain €2, an interior point xg, and a nonzero real Robin
parameter «. Translate xg to zero. Put

00 1/2
FO) =3 e cos(2nh),  Si={(r0):0<r<1+tf(d)}, = <’g’> . (H1)
n=1 t

For all |t| < t,, with an absolute sufficiently small ¢, > 0, these are strictly convex real-analytic,
centrally symmetric holes of area m. They contain zero and have connected exteriors. They converge
to the unit disk in every fixed C? norm as ¢t — 0. Indeed, the Fourier series and all its derivatives
converge on each complex strip, f has zero average, and strict positivity of curvature persists in a small
C? neighborhood of the circle. The area normalization factor is 1 + O(#?).

Theorem 2.1 (complete fixed-center splitting). There is a countable set N' C (—t., t.), depend-
ing on £, 2, o, such that the following holds. For every ¢ ¢ N and every eigenvalue A of the unperforated
Robin problem, there is £, (t) > 0 such that every branch converging to A is simple for

0 <e<ex(t)

in 2\ X, with the same Robin parameter on both boundaries. In particular, for each finite M,
there is e)/7(t) > 0 such that the first M perturbed eigenvalues are simple whenever 0 < & < /().

The center is fixed and may be a common nodal point of an eigenspace. The shape is fixed before
€ — 0, and can be chosen arbitrarily close to a disk. The threshold can depend on the spectral window.
No common positive threshold for the entire infinite spectrum is asserted. The theorem is
not uniform in ¢, in the center, or in the outer domain. For a single eigenvalue cluster, every sufficiently
small nonzero ¢ works, rather than merely all ¢ outside a countable set.

The finite-window assertion also holds with any prescribed area in place of 7, by a fixed scaling. The
unperforated simple eigenvalues require no splitting argument: convergence and a spectral gap already
give an isolated one-dimensional perturbed cluster.



3. Geometry and the simple nodal branch

Let © C R? be a bounded connected Lipschitz domain containing zero. Let ¥ be a nonempty bounded
Lipschitz open set with ¥ C Bg, and suppose Bgr \ X is connected. We do not require that zero lie in X.
Put

D =R?\3, Q. =0\ eX.
Fix a € R. Impose d,u + au = 0 on every boundary component. The normal on a hole points

into the hole. Let A be a simple eigenvalue in €2, with real eigenfunction u normalized by |luz2(q) = 1.
Assume u(0) = 0, and write its interior Taylor expansion as

u(x) = Py(x) + O(|1:]k+1), Vu(z) = VPi(x) + O(|x|k), k>1.

Here Py is a nonzero homogeneous harmonic polynomial. Let W} be the exterior harmonic function
determined by

OWp=09,P ondx,  Wi(y)=0(yl™") (lyl — o0). (S1)
Define
E), :/ VW2, Crp = Ey +/ |V P |2 (S2)
D b
Theorem 3.1 (simple nodal branch). Let \; be the eigenvalue converging to A. Then

Ae = X — Cpe?* + 0?1, (S3)

In particular C; > 0 and the eigenvalue decreases for sufficiently small holes, for either sign of a.
If u. is normalized with positive overlap with u, and x € C°(Q) equals one near zero, then for every

ne0.1/2),
|

Consequently, for each fixed S with ¥ C Bg,

ue = ut eXW(fe)| ) )= Onfe"H ), (4)

e Fu.(e:) — P, — W) in HY(Bs\ %), (S5)
and

e lu. — “H%{l(ga) — Ej. (S6)

Constants can depend on the fixed geometry, eigenvalue, «, cutoff and 7. No uniformity over families
of domains or eigenvalues is claimed.



4. Uniform estimates and spectral convergence

The facts in this section are established in [FRS26]. We include their elementary scaling and compactness
proofs to specify exactly which geometry and parameter assumptions are needed. The fixed-domain trace,
extension, Sobolev and compact embedding theorems for bounded Lipschitz domains are used in their
usual forms.

Let A = Bp \ ¥ be connected, and fix a bounded extension from H!'(A) to H'(Bg) that agrees
with the original function on A. For v € H'(f.) apply this extension after rescaling to v(e-) and
subtracting its mean on A. Restore the mean after extension. Poincaré's inequality on A gives an
extension &v € H'(Q), equal to v off the hole, such that

/ V&) < c/ Vo2, / Ef? < c/ yv\2+052/ Vo2, (F1)
ex eA ex eA cA

The gluing across the hole boundary is valid because the traces agree. Hence the extension is uni-
formly bounded in H'. The connectedness hypothesis is used in the Poincaré estimate; no connectedness
of 3 itself is needed.

The fixed annular trace inequality, rescaled, yields

[vll72aesy < CeHvlF2a) + CellVollZz ay: (F2)

Given 0 < 7 < 1/2, apply planar Sobolev embedding to &.v with exponent p = 2/7 and then Holder's
inequality on €A. This gives

lollZ2eay < Coe®Moltney 102 oesy < Coe' ™0l q.)- (F3)

A fixed outer-boundary collar misses the hole. The trace inequality on this collar, with an arbitrarily
small coefficient of the gradient term, implies that for every 6 > 0

ol Z2(00) < 8IVVlZaq,) + Csllvliz(q.)- (F4)

One can obtain this by multiplying by a fixed cutoff equal to one near 92 and applying the compact
trace inequality on €; the cutoff vanishes near the hole. Combining (F3)-(F4) gives constants ¢, a,b > 0,
independent of sufficiently small ¢, for which

2 2 2 2 2
ol < 600 = [ (TP +e®)+a [ o <blold,, (F3)
This holds for either sign of the fixed real . Choose the constants so that the analogous form on €2
is also coercive. The associated operators are positive self-adjoint with compact resolvent.

Lemma 4.1 (spectral convergence). Each ordered Robin eigenvalue of 2. converges, counting
multiplicity, to the corresponding eigenvalue of €.

Proof. For the upper bound in the minmax principle, restrict the first j eigenfunctions of 2 to €)..
They are analytic near zero, so the removed volume and inner-boundary terms tend to zero uniformly
on their finite-dimensional span. Their mass matrix tends to the identity. Thus limsup A\;(Q:) < X;(Q).

For the reverse inequality take an orthonormal collection of the first j perforated-domain eigenfunc-
tions. Their shifted energies are uniformly bounded by the upper bound and (F5). Their extensions are
uniformly bounded in H'(Q2) by (F1); along a subsequence they converge weakly in H' and strongly in
L? to functions vy, ... ,vj. The extension mass inside the shrinking hole tends to zero by the uniform L*
bound and its vanishing area. Therefore the limits are orthonormal.



On a fixed outer collar the trace converges strongly in L2(9f2), by compactness of the trace map.
The inner-boundary quadratic term tends to zero by (F3), even when o < 0. For any fixed coefficient
vector z, weak lower semicontinuity on Q\ B, followed by p | 0, gives

J J J J
9 (Z 2y, Z Zlvz) < liminf ¢ (Z 207, Z wa) . (F6)
=1 =1 =1 =1

Here the mass and outer-boundary terms converge; excluding a fixed disk before taking the limit
avoids charging the artificial extension's gradient energy to the original form. Choose the subsequence
to realize the lower limit of the jth eigenvalue. The right side of (F6) is at most liminf(\;(£2) +
¢) |z|?. Minmax on the j-dimensional limiting span proves the lower bound. This argument also proves
convergence along the full sequence. [

For any isolated limiting eigenvalue, its full finite-dimensional cluster is consequently separated by
a uniform gap from the complementary spectrum. This is the only spectral convergence input needed
below. Interior analyticity follows from the constant-coefficient equation —Awu = Au, regardless of the
regularity of the outer boundary.

5. The normalized exterior problem

Consider the Hilbert space

X = {v € HY(D N Bg) for every sufficiently large S : Vv € L*(D)}/R, [[V]llx = [IVVlL2(py-

Completeness follows by selecting representatives with zero average on A = Br \ ¥. Poincaré in-
equalities on each connected Bg \ X, with this fixed average, turn a gradient-Cauchy sequence into an
H'-Cauchy sequence on every bounded truncation.

If g € L?(0%) has integral zero, the functional

[v] — gu
(o))
is well defined and bounded on X: subtract the average on A, and apply the trace and Poincaré
inequalities on A. Lax-Milgram gives a unique class [W] satisfying

/DVW-Vv:/SEgv ([t] € X). (S7)

For clarity, compactly supported H! test functions are dense in this gradient norm. First truncate a
representative at heights +M; the gradient error tends to zero as M — oo. For fixed M, multiply by a
radial cutoff equal to one on By, zero outside Bz, and linear in logr between these radii. Its squared
gradient integral is 2w /log L. The cutoff error tends to zero by boundedness of the truncated function
and the integrability of its gradient. Local smoothing in Lipschitz charts gives the corresponding density
for smooth tests up to the boundary.

The solution is harmonic outside a fixed disk. Its Fourier expansion there has the constant mode, a
possible logarithmic mode, and the modes r*7 cos(jf) and %7 sin(j6). Finite Dirichlet energy excludes
the logarithmic and growing modes. The remaining expansion shows that a unique representative satisfies

W(y)=0(yl™),  VW(y) =O0(yl™). (S8)



One may obtain the estimates by expanding on a circle outside the hole and using convergence of
the decaying Fourier series beyond twice that radius. This removes the additive constant, which cannot
be controlled by a homogeneous Sobolev inequality in dimension two.

For g = 0, Py, the compatibility condition follows from

/ 8VPk:—/APk:0.
()M ¥

Thus (S1) exists and is unique. Its energy is Ey = [45(0,FPy)Wy. It is nonzero: otherwise W, is
constant, hence g = 0; testing g against the trace of P, would give

o:/ (0,Pp) Py = —/ IV Py,
oY >

impossible for a nonconstant polynomial on a nonempty open set. In particular Cy > 0.

6. Quantitative cutoff correctors

Choose ¢ > 0 so that, for all small ¢,

ge(v,w) = / (Vv - Vw + cow) + a/ vw
€ 00

is uniformly equivalent to the H' inner product. This follows from the fixed outer-boundary trace
inequality and the small-hole trace estimate in Section 4 (see also [FRS26]). Set 4 = A+ ¢ > 0. For
every fixed n € (0,1/2), the latter estimate is

V]l z2(aesy) < Coe™ 2 [0l| 10y (S9)

Define V; by
(Vo) = Lew), L) = [ @u+aup. ($10)
0(eX)
The explicit approximate corrector is

Ac(z) = efx ()W (x/e). (S11)

The cutoff equals one on the entire hole for small €. On its boundary, the discrepancy between the
data in (S10) and 9, A. + aA. has L? norm O(e**1/2). Indeed, the leading normal derivative is exactly
k=19, P, the Taylor remainder is O(e*), u = O(£¥) there, and the trace of W), on 9% belongs to L.

From (S8), scaling and the compact support of y,

1Al 20y < CEPFy 1+ |logel,  [IVA: 220,y = O(EP). (S12)

On the support of Vy, both W (z/¢) and its z-gradient are O(e**1). Since W}, is harmonic,

II(—A + C>A5HL2(QS) < CeFt /1 + |logel.

Integration by parts, (S9), and the boundary discrepancy therefore give



|Le(v) = a:(As, )| < Cpe" ol oy

The boundary integration is valid weakly for the exterior solution; no H? regularity at a Lipschitz
corner is required. Uniform coercivity and (S10) imply

Ve = Acll o) < Cpeh 1=, (S13)

In particular

IVellpe = Oy(eF17M),  Toi= qo(Ve, V2) = e By + O(2F). (S14)

For the energy estimate, the discarded far-field gradient energy in (S11) is O(2¥2); the mass term
is O(e2**2(1 + |logel)); the inner-boundary term is O(2**1); and the outer-boundary term vanishes.
For the cross term, write R. = V. — A, and use the exact identity

QE(Rsa AE) = LE(AE) - qE(A€7AE)'

The boundary residual paired with A, is O(2**1) by their boundary L? norms. The bulk residual
paired with A, is O(e?**2(1 + |logel)) by (S12). Finally g-(Rc, R:) = O, (e?*T2721) = o(e?*+1). This
establishes the sharper error in (S14) without discarding cancellation in the cross term.

7. Simple-eigenvalue reduction and normalization

Write f. = u — V., with u restricted to the perforated domain. The weak equation and (S10) give

¢=(fe,v) = pfu, v), (Ac — ) fe = pVg, (S15)

where A is the positive operator associated with ¢.. The second equality holds in L?, since the first
places f. in its operator domain.

Spectral convergence and simplicity give a uniform gap between p and every eigenvalue of A, except
e = Ae + ¢. Let II. be the orthogonal projection onto that eigenspace, and put r. = (I — IL.)f..
Expanding (S15) in an orthonormal eigenbasis gives

el < ClIVell 2 (S16)

The bound follows because sup;_,, 415/ (15 — ©)? is uniformly finite, including the large eigenvalues.

The useful exact identity is
wlu, Vo) = Le(u) — T, (s17)

obtained by interchanging the two arguments in ¢. and using (S10). Further,

Lo(u) = —/ (IVul? = Nu?) —|—a/ 2. (S18)
ex 9(eX)
Hence L.(u) = O(¢?*) and (u, V.) = O(?¥). Consequently
17l =1 = [ _® =20, Va) + Vel = 14 O(™).
3

7



Equations (S14) and (S16) show |[TI.f-||z2 = 1 + O(¢?¥). Normalize this projection with its positive
overlap with u. Its H' norm is uniformly bounded, so

lue = fellzn = Oy(e"77) + O(e%) = 0 (*7177). (519)

This proves (S4) by (S13). It also avoids an unjustified passage from a global little-oh estimate to
local rescaled L? convergence.

For the eigenvalue, calculate using (S15) and (S17):

q=(fe, fo) — ﬂ”fe”%,? =Lc(u) —T: — /‘||V€H2L?
The contribution of 7. to the left side has absolute value O(||Vz[|2,) by (S16). Thus
(Ae = MM fe]| 72 = Le(w) = Te + O(|VelZ2)- (820)

Taylor expansion in (S18) yields

Lo(u) = —g%/ VP + O(e2+1),
b

Insert this and (S14) in (S20). The extra errors are O,(e2**2727) and O(e**); both are smaller than
the error in (S3). This proves (S3).

For (S5), uniform extension into the hole and planar Sobolev embedding imply, for fixed S,
I )2 sas) < Cuise ™ 0l1(0 (s21)

Indeed, apply Hélder with exponent p = 2/n on a set of area O(c?) after extension. Applying (S21)
to the error in (S4) and dividing by €* gives O(e!=27). The rescaled gradient error is O(e'~"). The
Taylor expansion completes (S5). Finally, (S4), (S12), and the energy calculation following (S14) prove
(S6).
8. The second nodal coefficient
Let Py41 denote the homogeneous Taylor term of degree k + 1 in u, allowing Py = 0. It is harmonic,

since the right side of —Awu = Au begins at degree k. Denote its decaying exterior corrector by Wy.1,
with the same definition as (S1). Put

C(PiPin) = [ VP TP+ [ TWi Vi,

The two-term refinement is

+ 62k+1 {Oz/ (Pk — Wk)Q - 2C(Pk, Pk—&-l)} + O(€2k+1). (822)

Here is the remainder calculation. With A, and R. as above, (S13) gives ¢.(R., R.) = o(e%**1).
Consequently the exact identity

TE = 2L€(AE) — Qg(A57 As) + QE(REa RE)



can be expanded to the next order using only the known corrector Wi:
Lo(AL) = e By, 4 2 /8 _(OPusi + aPW + O(42)
4:(Ac, Ao) = e By, + a1 /82 W24 0(2*72(1 + | loge|)).
Meanwhile (S18) gives

L.(u) = _5%/ |V Py|?
%

+ 2,5216-1-1

—2/ VP, VP —|—a/ P,?} + O(e2F12),
% (o)X

The L? spectral error in (S20) is O, (e2**2721) = o(e?**1); the normalization error is O(e%*) =
o(e%*1). Finally, (S7) implies

/ (Oy Pry1) Wy, =/ VWit - VW
ox. D

Substituting these identities into (S20) gives (522).

If ¥ = —Y, uniqueness and the far-field normalization imply W;(—y) = (=1)7W;(y). The mixed
term in (S22) then vanishes by parity. For a centrally symmetric hole the next coefficient is therefore
exactly a [ (P — Wy)2

9. The nonnodal logarithmic coefficient

Now assume ug := u(0) # 0 and « # 0. Let

p=H'(9%), h(y) = Vu(0) - v(y) + auo, m = / h = augp.
0%

Choose a point y, € ¥ and put F(y) = —(m/(27)) log |y—y«|. The normal convention gives [y, 0, F =
m. The zero-mean argument of Section 5 supplies a decaying harmonic W with boundary data h — 9, F.
Thus U = F' + W solves 9,U = h and

m _
U(y) = =5 logly| + O(ly| h.
v

Take the cutoff approximation

B.(z) = ex(z) |U(z/e) — %loge . (S23)

The subtraction is essential: on a fixed physical annulus the bracket is —(m/(27))log |z| + O(e/|z|),
with no growing constant. It follows by direct integration that

2
IBe|lp2 = O(e),  qe(Be,B:) = %52 log(1/) + O(e2). (S24)

To check the remainder in the energy: the harmonic logarithm contributes m?/(27) per unit log-
arithmic radial length; its cross integral with the decaying part has a convergent tail; the fixed cutoff
region contributes O(2); and the inner Robin term is O(g%log? €) = o(e?).



The bulk residual of (S23) is O(e) in L2. Its boundary discrepancy in (S10) has L? norm O(e%/?(1 +
|loge|)). Estimate (S9) makes its dual norm o(g), for any fixed n < 1/2. Coercivity gives

Ve = Bellgn = O(e),  [IVellze = O(e).

For the energy cross term, write S. = V. — B. and use ¢.(Se, B:) = L:(B:) — ¢-(Be, B:). The bulk
residual pairs with B. to give O(g?); the boundary pairing is O(e3(1+ |loge|)?). Also q-(S:, S:) = O(£?).
Therefore

m2

T.
© 2T

e?log(1/¢) + O(?). (S25)

Equations (S16)-(S20) remain valid. This time L.(u) = apude + O(e?), (u,Vz) = O(e), and
[ f2][22 =1+ O(e). It follows that

2,2

2
Ae — A = apude — %8 log(1/e) + O(£2). (S26)

The first term is established in [FRS26]. Earlier small-Robin-hole and logarithmic-expansion results
must also be compared before a priority claim for the second term.

10. Disk and ellipse coefficients
For ¥ = B, and Py(p,0) = p*(Acoskf + Bsin kf),

Wi(p,0) = —r**p % (Acoskf + Bsinkd),  Cp = 2knr**(A? + B?). (S27)

The coefficients use the homogeneous Taylor polynomial itself, including its factorial normalization.

For an ellipse with semiaxes a,b > 0, use exterior conformal coordinates

a+b a—b _,
z= w+ w ), lw| > 1.
2 a+b
For P, = z, the exterior solution is Wi = —bp~'cosf in w = pe? coordinates. For P; = y it

is Wi = —ap~!sinf. The common conformal metric factor cancels from the normal-data equality;

Dirichlet energy is conformally invariant. Thus for P, = £x + (y,

Oy = mb(a + b)¢* + ma(a + b)¢2 (S28)

This is a useful check that arbitrary-hole coefficients need not depend only on area. It is not counted
as an independent discovery or paper.

11. Multiple eigenvalues and their vanishing orders

Use the geometry and normal convention of Section 3 and the estimates of Section 4. Fix a % 0. Let A
be an eigenvalue of multiplicity m on , and let E be its real eigenspace with the L?(Q) inner product.
Write p = H!(0%) and

ET ={u€ E:u(0) =0}.

10



If evaluation at zero is nonzero on F, choose the unit vector ug orthogonal to ET with a = uy(0) > 0.
Otherwise set ET = E and omit ug.

For integers k > 1, let Fy, C E consist of functions whose derivatives of every order below k vanish
at zero. Thus Iy = ET. Set Hy = Fy, © Fi,1, using the L? orthogonal complement inside Fj,. Discard
zero spaces and enumerate the remaining degrees as

1<k <<k, d, = dim Hy,.

This list is finite and E* = @;_, Hy,. Indeed, the descending finite-dimensional filtration eventually
stabilizes; its intersection is zero by interior analyticity and unique continuation. Any nonzero vector
of Hy, has exactly order k,, and the map taking it to its homogeneous leading Taylor polynomial is
injective. In two dimensions this gives d, < 2.

Choose an orthonormal basis u; adapted to these spaces. Denote its orders by r; (in increasing
groups) and its leading harmonic polynomials by P;. For a nonconstant harmonic polynomial P, let
W (P) be the decaying exterior solution of

AW =0in D,  9,W = 8,P on 9%.

Define the bilinear form and its matrix

c<P,Q):/ZVP-VQJF/DVW(P).VW(Q), Cy = C(P, P)). (M1)

The matrix C is positive definite. To see this, a zero quadratic form forces ), ¢;F; to be constant
on an open set, hence constant everywhere. Its homogeneous terms have positive degrees, so it is zero.
Within each degree, injectivity of the leading-polynomial map gives all ¢; = 0.

Partition C by the groups Hy, . Let C«, «, denote its principal block containing all smaller orders.
Define

S1=C1, S =Cp—CrerCZ} ,Cory (r>1). (M2)

Every S, is positive definite. Its eigenvalues s,1,..., s, 4, are independent of the orthonormal bases
chosen in each Hy, .

Theorem 11.1 (all nodal branches). The perturbed cluster admits a labeling with one branch
for each pair (r, j), satisfying

Arj(€) = X — s, €% 4 o(e%Fr). (M3)

If evaluation on E is identically zero these are all m branches. Otherwise they are m — 1 branches,
and the remaining branch satisfies

Mo(€) = A + apa’e + o(e). (M4)

Thus for sufficiently small holes, every nodal branch decreases. If evaluation is nonzero, positive
a gives exactly one increasing branch and m — 1 decreasing branches; negative a gives m decreasing
branches. These assertions concern shifts relative to the limiting A, not monotonicity as a function of
hole size. For E* = 0, only (M4) occurs. No claim of complete simplicity is made when a block S, has
repeated eigenvalues.

11



The all-nodal assertion also holds for « = 0, using Neumann spectral convergence. The mixed
Neumann case is excluded: its nonnodal branch has a different scale and can couple with degree-one
data at leading order.

12. Weighted reduction for a full cluster

Fix a coercive shift ¢ and let © = XA+ ¢ > 0. All scalar products below are over €).. For any u € E put

Lu(’U) = / (81/” + Oé’LL)U, QE(Vuv U) = LU(U)7 f’u =u-— VU (M5)
o(eX)

Let II. be the orthogonal projection onto the full m-dimensional cluster converging to A, for the
shifted operator. Define g, = Il. f,, and r, = f, — gu- Spectral convergence gives a uniform gap to the
complementary spectrum. As in Section 7,

(A =) fu =1V, rullgn < Cl[Vall 2 (M6)

Since f, — w and 7, — 0 in L? uniformly on the unit sphere of the fixed finite-dimensional space FE,
u +— g, is an isomorphism onto the cluster for small €.

In the selected basis, the cluster shifts are exactly the generalized eigenvalues of the symmetric pair

Write b, = g — u(-, ). The following exact identity, rather than an unweighted norm estimate, keeps
the information at every vanishing order:

Aij = Luz (uj) - qE(Vuw Vuj) - M<Vu” Vu3> - bE(ruz‘v ruj)' (MS)

To verify it, symmetry and the eigenfunction equation give

Expand b.(fu,, fuj) and subtract the complementary spectral contribution. The cross terms between
the cluster and its complement vanish for both ¢. and the mass inner product. Also

Ly, (uj) = —/ (Vu; - Vuj — dugug) + a/ U (M9)
ex 9(eX)

For a nodal basis vector define

Zi =" xW(P)(-/e), R, =V, — Z;.

Section 6, whose corrector estimates did not use simplicity, gives for fixed 0 < n < 1/2

1Zil = O(™), | Rilln = On(e™ ™77, Vi [l 22 = Op(e™F177). (M10)

Scaling the two leading terms in (M8), and using Cauchy-Schwarz on their remainders, yields for any
two nodal indices

A = —6’“+”f(C’ij +o(1)). (M11)

12



For example the energy cross remainder is On(s“i+“j+1_”); the mass and complementary terms in
(MB) are O,,(g"it#i+2=21)  The finitely many entrywise errors in (M11) are uniform. In particular, with
D, = diag(e"), the whole nodal block is

Ay =—=D:(C+0(1))De. (M12)

This stronger statement cannot be replaced by a single unweighted o(¢2*!) bound.

13. The nonnodal direction in a multiple cluster

Assume wuy is present. The logarithmic corrector in Section 9 gives

Vaollzz = O(e), Vil = O(ey/1+ [logel),  Ago = apa’e + ofe). (M13)

For a nodal index j, equation (M9) gives Ly, (u;) = O(" ). For the mixed corrector energy, use
its defining equation to obtain the sharper bound

0= (Vao, Vi) = Lug(Z;) + ¢ (Vug, Rj) = O(e"1). (M14)

Indeed the first boundary integral has data of order one, trace " W (P;) and length of order €. The
second term is O, (" 7271,/1 + [log€[), which is smaller. The remaining two terms in (M8) are bounded
by O, (" +27"). Hence

Agj = O(eriTh). (M15)

Put d = Agg and v = (Ag;). For small €, d # 0. The change of basis

1 —d

tends to the identity and gives the exact congruence

o (d 0

The correction in its nodal block has entries O(% 7% +1), Thus it does not change the limiting matrix

C in (M12), for either sign of d. The transformed mass matrix still tends to I.

14. Schur complements and signed shifts
For completeness we prove the finite-dimensional step, in a block form of the method already supplied

by [ALM26]. Let C(¢) — C > 0. Gaussian block elimination in increasing order gives an upper block-
triangular matrix U(e), with identity diagonal blocks, for which

Ue)'C(e)U(e) = diag(Sy(e),. .., Ss(e)), Sy(e) — S, (M17)

All matrices depend continuously on C(e) because its principal blocks are uniformly positive definite.
Completing the square in the preceding blocks shows that the limiting S, is exactly (M2).
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Set Ty = DZ'U(¢)D.. Its block above the diagonal, in row r and column ¢ > r, is e =% U, (¢), so
T) — I. It transforms the nodal matrix in (M12), or in (M16), exactly into

— diag (2181 (¢), ..., 27 S4(e)). (M18)

After both transformations the mass matrix is I +o0(1), whereas the stiffness matrix is the direct sum
of (M18) and, if present, d. The ordinary eigenvalues of this block matrix have exactly the asymptotics
(M3)-(M4).

Here is a justification that replacing I by I 4 o(1) preserves those asymptotics even when the matrix
is indefinite. For a positive definite mass matrix B with (1 — §)I < B < (14 9)I, consider a negative
eigenvalue h; < 0 of a real symmetric matrix H. The number of generalized eigenvalues below —t is the
negative inertia of H + tB. Since

H+t(1-8I<H+tB<H+t(1+)I,

monotonicity of eigenvalues in the matrix order, or its minmax proof, bounds the corresponding
negative generalized eigenvalue 0; by

hi g N

1-6~ 77 1+96

Multiplicity is handled by allowing equality and then approaching thresholds from either side. Apply-

ing the same statement to —H bounds the positive eigenvalues. Congruence preserves inertia, so there

is no unaccounted change in their numbers. Letting 6 — 0 proves multiplicative equivalence separately
for every nonzero eigenvalue, however small its scale. This proves Theorem 11.1.

(M19)

15. Common-order clusters at second order

Suppose every nonzero u € F has the same positive order k. Thus evaluation vanishes identically, s = 1,
and m < 2. Write

ui = P; + Qi + O(|z|F+?),

where P; and @); are the homogeneous Taylor polynomials of degree k and k + 1. Both are harmonic,
and @Q; may be zero. Define

By =a [ (P=W(P)(P = W(P)) ~C(PuQ)) ~C(@Qs. P)). (M20)

Theorem 15.1 (common-order second coefficient). For each eigenvalue ¢, of C, let &., be
its Euclidean eigenspace, and let by,...,b; be the eigenvalues of the compression of B to &.,. The
corresponding branches satisfy

Aj(e) = A — cue® 4 b 4 oo(e2H ). (M21)

To prove this, use the bilinear energy identity

qe(Vuy Vuj) = Lui(Zj) + LUj (Zi) — a:(Zi, Zj) +q=(R;, RJ’)- (M22)

Its last term is O, (e2%+2721) = o(e?**!); expanding the first three terms gives, exactly as in the
two-term calculation of Section 8,
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A= (—C+eB+o(e)). (M23)

In more detail, the terms containing @Q;, Q; are the two mixed interior energies from (M9) plus their
exterior energies, using [55,(0,Q:)W (P;) = [, VW(Q;) - VIV(P;). The Robin terms combine as the
boundary square in (M20). Bulk mass, cutoff and complementary projection terms are all smaller than

2k-+1
€ .

We also need more than G — I here. The exact identity preceding (M9) gives (u;, Vi) = O(e%).

Expanding (fu,, fu;) and subtracting (ry,, ;) gives

G=1+0(E*)=1+oe). (M24)

Conjugating (M23) by G~1/2 therefore leaves its first two coefficients unchanged. Finally diagonalize
C. In a fixed eigenspace of C, the first perturbation is the compression of B; the coupling to the
orthogonal complement contributes O(e?) after a block elimination across the fixed spectral gaps of C.
Equivalently, the Schur complement of —C' +¢eB —zI at z = —c, +¢ebis ¢(B|g,, — bI) + o(e). Continuity
of the eigenvalues of these finite symmetric matrices gives (M21).

For a centrally symmetric hole, the two mixed terms in (M20) vanish by parity. This does not
automatically split a repeated c,: the compressed boundary form must itself have distinct eigenvalues.

16. Analytic dependence on hole shape

For a harmonic polynomial P without a constant term, let W; p solve the exterior problem of Section 5
on D; = R? \ X¢. Thus Wy p decays at infinity and its normal derivative into the hole equals that of P.
Define

C(P.Q) = [ VP-VQ+ [ YWip VWig. (112)
t t

For each fixed pair P, (@, this is a real-analytic function of ¢ on a sufficiently small fixed interval
(—tu,ts).

Here are details that address the two-dimensional constant ambiguity. Choose a smooth diffeomor-
phism &, of the plane, mapping Dy to Dy, equal to the radial boundary displacement in a collar of the
circle, and equal to the identity outside Br. The area-normalized displacement is real analytic in ¢ with
coefficients smooth in space; a radial cutoff supplies such a map, uniformly invertible after decreasing t..
Pull back the weak problem to

X ={v e H}.(Dy) : Vv € L*(Dy)}/R.

The notation means H' on every bounded exterior truncation, including its inner boundary. Its norm
is the gradient norm. The pulled-back form has coefficient

A; = |det DO, | (D®,) "1 (D®,)T.

It is uniformly coercive and real analytic as a bounded operator on X. The boundary functional is

tup(v) = /8 (B P)(wo a7 ds.
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It has integral-zero data, since P is harmonic. Subtracting a fixed annular average and using the trace
bound makes it a bounded functional on X. In the pulled-back boundary parametrization its coefficients
are analytic in ¢ in every finite smooth norm, so it is analytic in X*. The inverse of the coercive operator is
locally analytic by its norm-convergent Neumann series. This proves analytic dependence of the solution
class.

Because ®, is the identity outside Bp, every representative is harmonic there. Subtract its mean
on one fixed exterior circle. Finite Dirichlet energy excludes growing modes and a logarithm; this
subtraction selects exactly the decaying representative. The circle mean is a bounded functional on
anchored representatives, so this normalization preserves analytic dependence on bounded truncations.
The energy in (H2) can be written as the pulled-back bilinear form applied to the solution classes; the
interior integral follows by change of variables. This proves the asserted analyticity of C; without a planar
homogeneous Sobolev inequality.

We will differentiate a boundary equation at ¢t = 0. This is justified by pulling it back to the fixed
smooth circle: the differentiated weak solution satisfies a smooth, uniformly elliptic problem in a fixed
collar. Difference quotients converge in H!, and local Neumann regularity upgrades this convergence
in each fixed finite Sobolev order after applying the differentiated equation. KEquivalently one may
differentiate the coefficients and boundary data in the pulled-back variational equation first. Outside Bgr
the Fourier coefficients are continuous linear functionals of the solution traces and therefore analytic as
well.

17. Shape variation at the disk

It suffices to differentiate the unnormalized radial family: its normalization changes the shape only at
order t2. Put

Ui,p = P — W p.

This has zero normal derivative on the hole, with U; p — P = O(|z|™!) at infinity. For

P(r,0) = r*p(6), p(f) = acoskf + bsin k6,

the disk solution is

Uo,p(r,0) = (r* +r~")p(6). (H3)

Let Up be the Eulerian derivative at zero. It is harmonic for » > 1 and decays at infinity. Differentiate
the zero normal derivative on the radial graph. Multiplying by the harmless normalizing factor, that
equation reads

0, Upp(1411.6) — M@Utf(l L if.8) =0,

Using 9,+Up p(1,0) = 2k*p(6) and 9yUy p(1,6) = 2p/(0) gives

0,Up(1,0) = —2k> fp + 2f'p’ = 2(fp')'. (H4)

The right-hand side has mean zero, so it has a unique decaying exterior Neumann solution. Notice
that the radial derivative here points out of the hole; the zero condition itself is independent of that sign
choice.
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We now relate a decaying multipole to (H2), to avoid assuming a shape-derivative formula. If @ is
harmonic and P = r¥p, Green's identity on Bgr \ ¥; yields

C.(P,Q) = / (PO, W, — Wi 00, P) ds. (H5)
OB

Indeed the corresponding inner-boundary integral is — [y, VP-VQ — [, VW, p- VW, q. The second
equality uses the exterior variational identity; all functions have the required zero-mean data and finite
energy. If the kth decaying Fourier mode of W; ¢ is r~*wy (), (H5) becomes

2T
(P, Q) = —2k /0 p(0)w(6) do. (H6)

For P and @ of the same degree k, write Q = r*¢(). The kth Fourier mode of UQ on the circle is
—k~ Y proj,[2(fq')], by (H4). Since W = —Uy, differentiation of (H6) and integration by parts give

d

7Ct(P7 Q)

2m 2m
dt 2—4/0 p(fq)=4/0 fr'q. (H7)

t=0

This is the familiar tangential-energy shape variation in this setting. It is derived here for the needed
disk case; shape differentiation of generalized polarization tensors is established prior literature and is
not claimed new.

Only the constant and 2k Fourier components of f contribute to (H7). For a zero-mean f with 2k
component Ay, cos 2kf + By, sin 2k6, the derivative matrix in the polynomial basis (r* cos k6, ¥ sin k) is

—-A, -B
2 k k
2k <—Bk; Ay ) . (H8)

For (H1), Ay = e * > 0and By, = 0. Its two eigenvalues are opposite and nonzero, for every positive
integer k.

18. Complete splitting of every Schur block

Fix an unperforated eigenspace E and use the orthogonal vanishing-order decomposition of Section 11.
This basis is fixed in €2 and does not depend on t. Let C(t) be the matrix with entries C¢(P;, P;),
and let S,(t) be its Schur blocks, eliminating smaller positive orders first. Analyticity and positive
definiteness of C'(¢) imply that every S,(t) is positive definite and analytic on the whole small interval
under consideration.

At t = 0 the matrix C'(0) has no cross terms between distinct degrees, by orthogonality of Fourier
modes on the disk and on its exterior. Consequently

$:(0) = Cr(0),  S1(0) = C7,.(0). (H9)

The second identity follows by differentiating C,., — CT,<TCQ,{<TC’<T7T: both outer factors of the
correction vanish at zero.

A block of dimension one is already simple. For a block of dimension two, let k be its order and write
its two leading polynomials in the standard harmonic basis using an invertible real coefficient matrix M.
At the disk,

Cyr(0) = 2k M T M. (H10)
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If this matrix has distinct eigenvalues, they stay distinct for sufficiently small ¢. Otherwise it equals
¢l for some ¢ > 0, so M = /c/(2kw) O with O orthogonal. Equations (H8)-(H10) then give

S.(0) = cke ™ OT <_01 ?) 0. (H11)

The eigenvalue difference of S, () is therefore

2cke M |t] + o(|t)). (H12)

In particular, it is positive for every sufficiently small nonzero t. There are finitely many blocks in
E, so all become simple for every sufficiently small nonzero ¢. The nonnodal direction, when present,
is one-dimensional and moves at order ¢, while all positive-order blocks move at distinct even powers
of €. Thus it cannot collide with them for sufficiently small e. Within a block, distinct positive Schur
coefficients give distinct leading eigenvalue shifts by Theorem 11.1. This proves the assertion for a fixed
eigenspace and every sufficiently small nonzero ¢.

For a two-dimensional block define its discriminant

A (t) = (tr S,.(t))% — 4det S,.(¢). (H13)

It is analytic and not identically zero, by (H10) or (H12). Its zero set in (—t,,t.) is discrete, hence
countable. Taking the finite union over the blocks of an eigenspace and then the countable union over
the discrete unperforated spectrum gives a countable exceptional set . For every t outside that set,
every Schur block of every eigenspace has simple coefficients. Apply Theorem 11.1 separately to each
cluster. For a finite spectral window, take the minimum of the finitely many thresholds and also ensure
that different limiting clusters remain separated by their positive limiting gaps. This proves Theorem
2.1.

If a finite window ends inside a multiple limiting cluster, include that entire cluster when taking this
finite minimum. The result then implies simplicity for the requested first M eigenvalues.

19. An exact conformal coefficient calculation

There is a useful independent coefficient check for every positive integer k. Consider the exterior confor-
mal map

2=Uy(w) =w+tw N |w] > 1 (H14)

For sufficiently small real ¢, the boundary is a smooth simple perturbation of the circle and the map
is univalent on its exterior. For example, the boundary is embedded and the derivative has no zeros
for small ¢; the argument principle, together with the simple pole at infinity, gives degree one on the
unbounded complementary component. Its first normal displacement is cos(2k6), though the boundary
parametrization also has a tangential displacement. Its enclosed area is 7(1 — (2k —1)t?) by the boundary
area integral.

For P = Re z* one has

k
AN ,
Uy(w)k =wh + ktw™ + > <j>t]w_(27_l)k. (H15)
j=2
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In these conformal coordinates the zero-Neumann total field is Re(w” + w™F), since every growing
mode is w* and each boundary radial derivative must vanish. Therefore the pulled-back corrector is

k
W =Re | (kt — Dw ™+ (k> =Dk
—o \J
7j=2

The exterior Dirichlet energy is the sum of 7n times the squared decaying Fourier coefficients. Green's
identity on the hole gives the interior energy as wk minus that same weighted sum for the negative
coefficients in (H15), namely the sum with kt rather than k¢ — 1 at the first mode. Adding the two
energies cancels every higher mode and gives the exact formula

Ci(Re 2%, Re 2F) = 27k (1 — kt). (H16)

For P = Im z¥, the negative Laurent powers have the opposite sine sign on the boundary. The same
calculation gives

Cy(Im 2%, Im 2%) = 27k (1 + kt), Ci(Re 2¥,Im 2%) = 0. (H17)

Scaling the hole to area 7 multiplies both coefficients by (1 — (2k —1)#2)~*. Thus the two derivatives
at zero are exactly —27k? and 27k?, agreeing with (H8). This is an exact harmonic calculation, not
a numerical PDE test. This one-mode conformal family is used to check a fixed degree; the all-degree
construction in (H1) remains the family used in the theorem.

20. Scope, source comparison and review status

The main assertion is one coherent result about a fixed shrinking-hole family. Its simple-eigenvalue
formulas, multiple-eigenvalue reduction, shape derivative and splitting consequence are not counted as
separate papers. The mixed nonnodal Neumann case is excluded from Theorem 11.1. Complete simplicity
at one common positive hole size for the whole infinite spectrum is not proved. No parameter-uniform
or geometry-uniform threshold is asserted.

The source comparison uses the final June 2026 Robin article [FRS26], the inspected arXiv versions
of [FLO25, FLO26, ALM26], and the openly accessible older Robin-hole statements [Oza92, OR92|. The
2017 report [Dab17], including its variational principle and all application statements, was also inspected.
It is cited separately from [Dab22], whose final text was unavailable. The full text of [AKLZ10, AKLZ12,
LdC12, Dab22, Gad93|] has not been completely compared in this investigation. Their abstracts or
primary indexed excerpts establish relevant prior frameworks but do not suffice to exclude theorem-level
overlap. No absence from a search is treated as proof of novelty.

The originating assistant has checked the internal derivations, including the signs in the reduced
matrix, the weighted remainders, the logarithmic normalization, and the countable-exception argument.
This is not independent mathematical review. Markdown formula checks establish syntax only. The
accompanying source audit records precisely which sources were read and which retrievals failed. The
contribution is presented as one unreviewed preprint. The mathematical argument is a hand proof; the
finite diagnostics are supplementary and are not proof dependencies. No guarantee of exhaustive priority
or journal acceptance is made.
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