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Abstract

Let a fixed smooth compact obstacle in the plane have connected exterior. We study its magnetic
Dirichlet-to-Neumann operator as a constant magnetic field and a nonnegative scalar potential vanish
jointly. We obtain a uniform rank-one expansion in the norm of bounded differences on boundary L?.
The coefficient is an explicit digamma expression involving logarithmic capacity, and the remainder is
O(v/b + p), uniformly over all ratios of the two parameters. Consequently one effective rank-one operator
approximates all ordered eigenvalues with the same error and determines every inverse-logarithmic order
on each fixed spectral cluster. For a smooth simply connected obstacle, we compute the second-order
gap from the equal-perimeter disk. The gap is strictly positive for every fixed nondisk at sufficiently
small field, without symmetry or convexity assumptions. We also obtain an operator approximation
uniform across integral Aharonov--Bohm flux, with an explicit coefficient regular at zero flux. This
yields a universal lowest-eigenvalue crossover and a third-order signed-flux asymmetry that distinguishes
magnetic from scalar regularization. A second-order expansion identifies the geometric terms throughout
this transition and proves strict equal-perimeter disk maximization on an entire small-field, small-flux
parameter neighborhood, with an explicit limiting gap. The scalar expansion, fixed-flux disk limit and
compact-cylinder hyperbolic formulas are established prior results; the contribution considered here is
the quantitative general-obstacle transition and its consequences.

1. Introduction and main theorem

The planar exterior Steklov problem has a zero eigenvalue represented by a constant harmonic function,
which is not square-integrable in the exterior. Adding either a positive scalar potential or a constant
magnetic field selects square-integrable extensions. Removing these regularizations is a singular pertur-
bation, with logarithmic rather than ordinary power-series behavior.

Christiansen and Datchev [CD], Theorem 4, established the nonmagnetic shifted-logarithmic
Dirichlet-to-Neumann expansion for planar obstacles. Their final Proposition 4.2 gives a lowest-
eigenvalue consequence. Grebenkov and Chaigneau [GC] analyzed scalar exterior Steklov asymptotics
and identified capacity and harmonic values at infinity in the coefficients. We do not claim these scalar
mechanisms as new.

Helffer and Nicoleau [HN] proved the exterior disk magnetic weak-field limit and obtained disk
asymptotics. Their inspected author preprint, Section 6, raises the general-domain weak-field question.



Bundrock, Girouard, Grebenkov, Levitin and Polterovich [BGGLP], Remark 1.6, subsequently expected
general-domain magnetic convergence and pointed to a diamagnetic compactness argument. Qualitative
convergence is therefore already suggested by the literature. Our aim is a quantitative general-obstacle
expansion, uniform in the simultaneous scalar and magnetic parameters.

Kachmar and Lotoreichik [KL] proved a magnetic exterior disk comparison in a specified field
range under additional geometric and symmetry hypotheses. The consequence here has different scope:
all smooth simply connected planar obstacles are allowed, with no symmetry or convexity condition,
throughout an obstacle-dependent neighborhood of zero field, zero scalar mass and integral flux. We
do not establish a field interval uniform over that class. Colbois, Provenzano and Savo [CPS] proved
the classical Aharonov--Bohm Weinstock inequality using conformal energy covariance. We use that
covariance as a classical input and prove the transition estimate separately.

The proof separates a single angular mode at an enclosing circle. A uniform special-function estimate
gives its logarithmic coefficient. An elementary variational argument bounds every other angular mode
at once. A classical bounded-region Dirichlet-to-Neumann estimate and a Schur complement transfer
this information to the obstacle. Exact harmonic identities remove the enclosing radius and identify the
capacity shift.

The small-flux extension is developed in Section 10. The fixed nonzero-flux disk estimate in [HN],
Theorem 5.1, has an error of order bl and does not control the regime v =< 1 /|logb|. Our effective
operator retains the bounded-region flux dependence and isolates the singular scalar coefficient. The hy-
perbolic form itself has classical compact-cylinder antecedents: see [PS], Theorem 11, and [CS], Examples
2.2--2.3. Neither those formulas nor the Kummer connection identity [DLMEF] is claimed as new.

1.1. Notation and statement

Let K be the closure of a nonempty bounded smooth planar obstacle, with finitely many boundary
components and connected exterior £ = R?\ K. Put I' = 0K and L = |T|. Fix the symmetric potential
A(x) = (—x2,21), so that curl(bA) = 2b. No fixed Aharonov-Bohm flux is included. For b,p > 0,
b+ p > 0, define the exterior DtN operator Ay, by minimizing

tplw) = [ ((V = bA)uf + plu?) do

with prescribed boundary trace and the finite magnetic-energy, square-integrable condition at infinity.
Its conormal is 9, —ibA - v, with v pointing out of E into K. At (b,p) = (0,0) use the bounded harmonic
extension, and denote its DtN operator by Ag. Its kernel consists of the constants and its other eigenvalues
are positive.

Let G be the exterior Green function with pole at infinity, normalized by

Glr =0,  G(z)=loglz| —loge+ O(lz| ™),
where ¢ = cap(K) is logarithmic capacity. Define
w:—i&,G]F, /wds:l.
27 r
Thus w is the harmonic-measure density at infinity. Use the inner product (f,g) = [ fgds and

(wew)f =wlw, f).
For b > 0, put
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where 1) is the digamma function and ~ is Euler's constant. On the scalar axis set

D(0,p) = log(4/p) — 27 — 2loge.

Write p = b+ p.
Theorem 1.1 (uniform threshold expansion). There are constants Cx > 0 and pg > 0 such

that for 0 < p = b+ p < pg, the following difference, initially defined on H!(T'), extends to a bounded
operator on L?(I'):

App =No+ w®w+ Rpp, IRbpll 2y r2(ry) < Cry/p- (1)

47
De(b,p)
The estimate is uniform as p | 0, including p/b — 0, finite positive ratios, and p/b — co. Fixed units
of length are understood; a simultaneous rescaling replaces b, p by their inverse-square scalings and ¢ by
its length scaling, leaving the denominator invariant.

At p = 0 the denominator is log(1/b) + log4 — v — 2loge. The scalar axis is already covered
by Christiansen—-Datchev's stronger nonmagnetic expansion. The result here concerns the magnetic
extension, the uniform transition, and its consequences. The obstacle is fixed throughout; constants may
depend on its geometry.

Only the bounded difference in (1) has an L? operator norm. The individual Dirichlet-to-Neumann
maps are unbounded self-adjoint operators with common domain H'(T'). The theorem includes finitely
many obstacle components. It assumes a constant magnetic field and no fixed Aharonov--Bohm flux; it
makes no claim for arbitrary variable fields or higher dimensions.

Corollary 1.2 (all eigenvalues and sharp norm). Set 7 = 47/D.(b,p) and H(7) = Ay + 7w @ w.
If eigenvalues are indexed from zero, repeated according to multiplicity, then

sup I\j(Abp) — N (H(7))| < Ck+/ps
J]1=

and

< Cr+/p.

Theorem 1.1 is proved in Sections 2--6. Corollary 1.2 and the fixed-cluster and lowest-eigenvalue
expansions are proved in Section 7. Section 8 gives the disk comparison.

18,5 = Aoll 22 = llwll?2

Theorem 1.3 (geometric comparison across the flux transition). Suppose additionally that K
is simply connected, is not a disk and contains zero in its interior. For the potential bA+ v(—xa, z1)/|2|?,
let A\o(b,p,v; K) be the lowest exterior DtN eigenvalue, and let D be the disk centered at zero with
perimeter L. There are constants Ci, pi, vk > 0 such that

1 2
Ao (b, p,v; D) — Ao (b, p,v; K) > Ck (V + )
log(1/(b+ p))
for every b,p > 0 with 0 < b+ p < pg and every |v| < vi. There is no restriction on the product
vlog(1l/(b+ p)). The constants may depend on the obstacle. Section 11 proves this statement and
computes the second-order limiting gap; Section 10 supplies the uniform operator approximation on
which it rests.



2. The exterior realization
Let D, =V —ibA and

Xy(E) = {u € L*(E) : Dyu € L*(E)}.

This is a Hilbert space with its graph norm. On every bounded collar of the boundary it is contained
continuously in H!, because A is bounded there. Thus its trace is defined. Every f € HY 2(T) has a
compactly supported H'! extension belonging to X;(E).

For a zero-trace v € X,(F), extend by zero into the obstacle. The full-plane magnetic identity, first
for compactly supported smooth functions and then by density, gives

1Dy 1225y = 200101725

This is the lowest Landau-level inequality, also obtainable by completing the square in the two
covariant derivatives. For b = 0, the added scalar term supplies the lower bound pl|[v|>. Consequently,
whenever b+p > 0, the form gj ;, defined in Section 1 is coercive on the zero-trace space in its graph norm.
Lax—Milgram applied after subtracting a compactly supported extension produces a unique energy-
minimizing extension of each boundary datum. Coercivity need not be uniform as b+ p — 0 for this
existence statement.

The boundary form has domain exactly H'/?(I") and is closed. Here is a useful verification that does
not assume global control of the unweighted gradient. On a fixed connected collar region U = Bp \ K,
the anchored Poincaré inequality gives

Ilulllz2 @y < CUVIulll2 @) + lulellza))-

The diamagnetic inequality bounds its gradient term by || Dyul|. Since A is bounded on U, the local
H' norm of u is controlled by gy ,(u)'/? + || f]| r2(r), uniformly for bounded small b. The trace theorem
then bounds |[f||1/2 by the same quantity. In the other direction a compactly supported extension
bounds the minimum energy by C||f ||i,1 s2- Thus the boundary-form norm is equivalent to H 12 and
the representation theorem yields a nonnegative self-adjoint operator with compact resolvent.

At zero field and zero scalar parameter, inversion about a point inside K changes the exterior into
a bounded smooth domain with one interior point removed. Filling that point and solving the ordinary
Dirichlet problem gives the harmonic extension bounded near infinity. In two dimensions the Dirichlet
integral is conformally invariant. The solution is unique: a harmonic function of finite energy has no
logarithmic or negative-power singular part at the filled point, and a zero-trace difference is zero by
the bounded-domain uniqueness theorem. This constructs the zero-parameter form and gives its one-
dimensional constant kernel. It also works when the obstacle has several components.

For smooth data, Green's formula gives precisely the conormal 0, — ibA - v. The two outward
conormals at the enclosing circle have opposite orientations, so their sum vanishes when two solutions
are glued. The matching equation in Section 5 therefore uses the sum of the two Dirichlet-to-Neumann
maps. Conversely, the matching equation makes the glued solution weakly harmonic and finite-energy,
so uniqueness identifies it with the minimizing extension. Density extends this identity to the trace form
domain.



3. The uniform radial logarithm

First take an enclosing circle of radius R, and assume b > 0. The zero angular mode of the exterior
equation is

—u" =7 4 (BPr? 4 p)u = 0.

Set z = br? and a = % + p/(4b). Direct substitution gives the decaying solution

u(r) = e_Z/QU(a, 1,z2),
up to a positive constant. Only the integral representation is needed:
o0 t e dt
I(a,z) :=T(a)U(a,1, :/ —Zt<> —.
(a,z) (a)U(a, 1, z) ; e i) 1

Lemma 3.1 (the radial mode). The expansion (6) below holds uniformly for b,p > 0,0 < b+p < 1.

Proof. We establish estimates uniform for a« > 1/2 and n = az | 0. Let wo(t) = (¢t/(1 +t))*. The
identity

o0 dt
| () = 10y () G = loga = w(a) — 7 (2)
follows by substituting s = ¢t/(1 4 t) in the truncated integral and using the digamma integral
)+ / L1 — s
1= 1-s
Indeed, the truncated integral of w,(t)/t, minus log M, tends to —¢(a) — v as M — oo; subtracting
the reference step beginning at a adds loga.

Fort > a, 0 <1 —wu(t) < a/t, since 1 — e—alog(1+1/t) < a/t. On (0,a) simply use 0 < w, < 1.

Therefore
o0
/ ’ e—zt _ 1’
0

To check the bound, integrate z on (0, a), za/t on (a,1/z), and a/t?> on (1/z,00). All constants are
independent of a. The exponential integral satisfies F1(n) = —logn — v + O(n). Combining this with

(2)-(3),

walt) ~ a0 ()] < (1 + 10 ). Q

I(a,2) = D(a,2) + O(n(1 + [lognl)),  D(a,2) = —logz —¢(a) —2v. (4)

Also, with differentiation at fixed a,

oo
J(a,z):=—20.1(a,z) = / ze " w,(t) dt =14 O(n(1 + |logn])). (5)
0
For (5), subtract the integral of ze™*! and split at a; the error is at most n+nE1(n). Since ¢(a)—loga
is bounded for a > 1/2, D = log(1/n) + O(1) uniformly. In particular the denominator is positive for
sufficiently small 7.

At r = R, n = R?(b/2+ p/4) is comparable to p. The radial DtN eigenvalue is



_W(R)  z | 2J(a,z) 2
top(F) = = u(R) R * RI(a,z) RDg(b,p) + Orlp)- (6)

The error is O(p), not merely a fixed-a expansion: divide the errors in (4)—(5) by D or D? and use
D =log(1/p). This is the step that permits an unbounded ratio p/b.

On b = 0, the decaying radial solution is Ko(/pr); its elementary small-argument expansion gives
exactly (6), with the scalar definition of Dg. It can also be obtained from the integral above by a — oo,
az — pR?/4. No limit through fixed a is being used.

This proves the radial-mode estimate. [J

4. A bound for all nonconstant circle modes

Rescale to R = 1 for this paragraph. The rescaled parameters are bR?, pR?, and DtN eigenvalues scale
by R~!. For an integer n # 0, put k = |n| and let p,(b,p) be the infimum, with v(1) = 1, of

oo 2
/ (WP + (” = br) o[ +pyv|2> rdr.
1 T

Lemma 4.1 (nonconstant modes).
sup [kn (b, p) = [nl| < C/p. (7)
Proof. Choose T = p~'/* > 2. On [1,T],
n 2 2072\ k2
D) 4p>(1- L
r k) r?

The coefficient is positive for sufficiently small p and at most one. Discarding the nonnegative exterior
energy and using the free-end minimum on [1, 7] yields

2

26T
tin (b, p) > (1 — ) ktanh(klogT) > k — 2kT 2% — 2bT% > k — C'\/p.

The free-end minimizer used here is (r=% 4 T~2*%) /(14 T—2F); its energy is the boundary derivative
—v/(1), namely k(1—T-2)/(1+T~2F). This argument includes both signs of n; it bounds the unfavorable
sign of the cross term by its absolute value.

For the upper bound, take v = x(r/T)r~*, where x is one up to 1 and zero beyond 2. Integration
by parts against the harmonic function % gives

00 k2 2T
/ (v'\Q + 742|U‘2> rdr=Fk +/ |0, x(r/T) >t =2* dr < ke + CT 2.
1 T

The absolute cross term is bounded by 2bk ff T p1=2k gy which is at most Cb log(2T') uniformly over
k > 1. The mass term is at most Cplog(2T), and the quadratic magnetic term is at most Cb>T2. Hence

a(b.p) < k+ C{T + plog(2T) + BT} < k + C\/p.



This proves (7). It is weaker than the one-parameter disk estimate in [HN], but uniform in the joint
limit and proved without differentiating a large-order special-function remainder. [

Let Ty, denote the outer-circle DtN operator, Ty = |Dy|/R, and 1T = e ® e with e = (27R)™'/2.
Equations (6)—(7) give

2

Ty, = To + tIl + F [ —
bp o+t + Fpp, RDr(b,p)’

1Fbpll2—r2 < Cry/p- (8)

Only the difference is bounded; each DtN operator itself has order one.

5. Bounded-region perturbation and matching

Lemma 5.1 (bounded-region perturbation). Let V be a fixed smooth bounded domain with finitely
many boundary components, and let M, ,, be its magnetic/Helmholtz DtN operator for the same smooth
potential. For parameters in a neighborhood of zero small enough that the Dirichlet realization remains
invertible,

My, — Mo € WO(9V), My — Mool 2v)—r2(0v) < Cv ([b] + Ip|)- 9)

Proof. Here UV is the usual class of pseudodifferential operators of order zero. This is a classical
parameter consequence, not a new microlocal theorem.

We record the parameter dependence explicitly. Smooth-boundary elliptic theory constructs the
Poisson operator and the DtN operator, whose degree-one symbol is |£| in the induced boundary metric.
The magnetic and scalar coefficients occur only in the lower-degree symbols. The factorization and
recursive formulas in [LT], Propositions 3.1-3.2 and equations (3.3)—(3.11), show this directly. Their
convention is (—iV + A)?; set their potential equal to —bA and their electric potential equal to p.

Every finite stage of this construction depends smoothly on (b, p) with bounds in the relevant symbol
seminorms. The same assertion holds for the exact smoothing correction: the Dirichlet inverse on the
fixed space H2(V)NHZ (V) is a smooth family, by the resolvent identity and a Neumann series around the
invertible Dirichlet Laplacian. Composing it with the smooth parametrix error gives a smooth family
of smooth kernels. One may use a finite-order parametrix of sufficiently negative remainder order to
bound the finitely many seminorms needed below; no uniform convergence of a formal full-symbol series
is assumed.

Differentiate along the segment (tb,tp), 0 < t < 1. The degree-one symbol is independent of ¢, so
the derivative is order zero. Its required symbol seminorms and smoothing-kernel bounds are at most
C(|b] + |p|). The L? boundedness theorem for order-zero operators and the fundamental theorem of
calculus give (9). Merely observing that each individual difference is order zero, without this parameter
argument, would not justify the rate.

For any fixed region with an inner boundary I" and a disjoint outer boundary ¥, the off-diagonal
block By, is smoothing: its two arguments lie on disjoint boundary components, away from the diagonal
singularity of the DtN kernel. Its adjoint is smoothing as well, and both are uniformly bounded on L2.
Their differences satisfy (9). O

[Gr], Theorems 11.11, 11.14 and 11.16, with (11.55) and (11.65a), supply the smooth-boundary
Dirichlet realization, Poisson mappings and ellipticity used here. Only the elliptic realization, symbol
construction and Poisson calculus are used here; no heat-coefficient formula is needed.



Matching on an enclosing circle

Choose R so that K is strictly inside Bg, and set U = Br \ K, ¥ = 0Bg. Write the bounded-region
magnetic/Helmholtz DtN operator in blocks,

App Bup
My, = (B;;p Chp)’
where the first boundary is I', the second is ¥, and all normals are outward from U. The notation

App in this block matrix does not denote the vector potential. Conservation of conormal derivatives at
> gives the exact Schur formula

Abyp = Abm - Bb,p(clhp + Tb,p)_lBlj,p' (10)

For smooth data the outer trace g solves (Cy, + Ty )9 = _B;,p f. The finite-energy realization in
Section 2 and elliptic regularity justify gluing and extension to the form domain. The energy formulation
fixes the sign of T}, in the sum.

Put Ky = Cy+T and retain ¢t = 2/(RDpg), Il = e®e from (8). The operator Ky is self-adjoint elliptic
of order one, with principal symbol 2|¢|. It is nonnegative and has no kernel: zero energy would force the
annular extension, with zero data on I', to be constant and hence zero. Compactness of the boundary
and elliptic regularity give a positive lower spectral bound and a bounded inverse L*(X) — H!(X).

By (8) and Lemma 5.1,

Cb,p + Tb,p = Ko+t + Eb,pa ||‘Eb,p||L2%L2 < Cﬁ (11)

For sufficiently small p, ¢t > 0. Thus (Kq + tII)~! is uniformly bounded on L?. The inverse identity,
or a Neumann series after multiplication by this inverse, gives

[(Chp + Top) ™ — (Ko + 1) 2,12 < C .

Apply Lemma 5.1 to the diagonal block A, and the smoothing blocks By, Bg:p. Substitution in
(10) and the rank-one inverse formula yield

Ab7p =Ay+

t
1+tﬁU®U+OL2_>L2(\/Z)), (12)
where x = (e, K 'e) and v = BoK[ *e. The sign of the rank-one term is positive because the inverse
appears with a minus sign in (10).

The diagonal block Aj,, has elliptic order one. The Schur correction in (10) is smoothing on I': for
every m > 0, its right off-diagonal block maps H~™(T) to L?(%), the middle inverse is bounded on
L3(¥), and its left off-diagonal block maps L?(X) to H™(T'). Therefore the form realization in Section 2
has domain H'(T"). All operator differences above can first be taken on that common domain and then
extended to L2



6. Capacity and cancellation of the enclosing radius

Let g = G|x. The exterior harmonic expansion of G is its logarithm plus decaying modes, so

87~G‘2 = R_l - T()g.

The annular solution with boundary data (0, g) is G|y, whence Cog = R~! — Tg, or Kog = R™1. It
follows that

Kile= \/ %g, k = Rlog(R/c), v=—-V2rRw. (13)

For the middle identity use the mean of G on X, which is exactly log(R/c). For the last identity
use the inner conormal of G and the definition of w. These formulas hold also for several obstacle
components.

Substitution into (12) yields
t 4T 4

Trtn %"~ Drloip) + 2108®/0) " CY = Dat ) &

This proves Theorem 1.1. In particular the artificial radius cancels exactly, including the constant
inside the logarithm.

7. Spectral consequences

Proof of Corollary 1.2. Both operators have common domain H! and their difference is self-adjoint and
bounded by Ck,/p. The min--max principle gives the all-index eigenvalue bound. The norm of the
rank-one operator 7w ® w is 7||wl|?; the reverse triangle inequality gives the stated norm estimate. [J

The same bounded-difference estimate and the resolvent identity give

(Ao + 1) = (H(7) + 1) Iz 2 < Ce/p. (14)

Both resolvents have norm at most one. Thus the convergence is in norm resolvent as well as in the
stronger norm of bounded differences after the effective correction.

For every isolated finite spectral cluster of Ag, the self-adjoint analytic family H(7) has real-analytic
eigenvalue branches near 7 = 0. One may obtain this by the Riesz projection onto the cluster and
analytic identification of its finite-dimensional range with the unperturbed eigenspace, followed by an-
alytic diagonalization of a one-real-parameter Hermitian matrix. Every fixed cluster therefore has a
convergent power series in 7. The comparison error is smaller than every inverse-logarithmic order, since
D. =log(1/p) + Ok(1) uniformly and VP = o(| log p\’N) for every fixed N.

At a multiple eigenvalue the first correction is the compression of w ® w to the entire eigenspace. It is
not given by arbitrary basiswise diagonal entries. The all-index estimate in Corollary 1.2 does not assert
a radius of convergence uniform across clusters.



Proposition 7.1 (second-order ground state). Write eg = L712 ny=w— L1 and
Sk = (0, (Noler)™'mo) = 0.
Then, uniformly as b+ p — 0,
T 128k 3
Molb,pi K) = 7 — 2K 1 01e(r%) + Ok (). (15)

Proof. The zero eigenvalue of Ag is simple. Normalize its analytic eigenvector branch u(7) by
(eo,u(7)) = 1. With V = w ® w, the first derivative of H(7)u(r) = A(7)u(7) at zero gives

)‘/(O) = <€01 V€0> = L_la Uy == Ul(()) = _L_l/Q(A0|e(J)‘)_1770'
The coefficient of 72 in the eigenvalue is (eg, Vui) = —Sk /L. Analyticity controls the third-order

remainder for this fixed obstacle, and Corollary 1.2 transfers the expansion to Ap,. O

8. A disk comparison without symmetry assumptions

Theorem 8.1 (eventual disk comparison). Let K = Q, where € is smooth, bounded and simply
connected. Let D be a disk of the same perimeter L, with radius r, = L/(27). Set ¢ = log(1/(b + p)).
Then

8w T 1672
bl,gloglog (Xo(b,p; D) — Ao(b, p; K)) 7 log 7 Sk. (16)
b+pl0

The limit is uniform in the ratio of the parameters. Its right side is strictly positive unless € is a
disk. In particular, for every fixed nondisk there is pg > 0 such that the disk has strictly larger lowest
eigenvalue whenever b;p > 0 and 0 < b+ p < pq.

Proof. The classical strict capacity--perimeter inequality is

c < 1y, c=r, < is a disk. (17)

Here is a proof including equality. The exterior conformal map has expansion F(z) = ¢z + ag +
> on>1an2” " with ¢ > 0. Smoothness gives its boundary derivative and

27 ) 27 .
L— / ()] df > ‘/ F'(e) de‘ _ ore.
0 0

Equality forces F’ to be nonnegative real on the boundary. Its imaginary part is harmonic in the
compactified exterior and vanishes on the boundary, so it vanishes everywhere. A holomorphic real-valued
function is constant. Therefore F’/ = ¢ and the obstacle is a disk.

For a disk of radius 74, w = L™!, hence Sp = 0. The denominators for the two obstacles satisfy the
exact relation

Dc(bap) = DT‘* (bap) + 2 IOg(T*/C)'

The proof of Lemma 3.1 gives D, = ¢ + Ok (1) uniformly, because az is comparable to b 4+ p and
Y(a) —loga is bounded for a > 1/2. The scalar axis has the same property directly. In particular
/D% - 1 and ¢2/(D.D,,) — 1 uniformly.

10



Apply Proposition 7.1 to the two obstacles and use the exact denominator difference. Their leading-
term difference is

477( 1 1 ) _ 87rlog(7"*/c)'

L \D,. D. LD,.D,

The second-order term contributes 16725y /(LD?). Both the cubic inverse-logarithmic remainder
and /p disappear after multiplication by ¢%2. This proves (16). Strict positivity follows from (17) and
Sk >0.0

Taking p = 0 gives the magnetic geometric consequence. No convexity, central symmetry, two-axis
symmetry or outer-parallel-curve condition is imposed. This is a shape-dependent eventual comparison,
not a uniform field-range result for all smooth obstacles. The magnetic-field parameter in [KL] corre-
sponds to 2b here. The theorem does not extend the perimeter conclusion to disconnected obstacles:
their capacity can grow with separation at fixed total perimeter.

9. Scope and further questions

The uniform transition isolates how the scalar mass and the constant field select the same harmonic-
measure direction, with different logarithmic constants. The scalar axis belongs to the established theory
[CD, GC], and the disk magnetic specialization is consistent with [HN]. In the magnetic case p = 0, the
denominator is log(1/b) 4+ log4 — v — 2loge. For a disk of radius ¢, the effective ground-state value
2/(cD,) agrees with the small-field expansion of the exact radial eigenvalue beKy(bc?/2)/Ko(bc?/2).

The argument is deliberately insensitive to the sharper algebraic remainders of individual circle
modes. Improving the remainder while retaining uniformity over both parameters and angular indices,
obtaining quantitative stability with a field interval uniform over a geometric class, and allowing several
independently varying circulations remain separate questions. The next section treats one flux pole,
including the transition near integral flux. The qualitative magnetic equivalence in arbitrary dimensions
and for general fields, anticipated in [BGGLP], is not settled by the planar constant-field theorem here.

10. Uniform transition across integral flux

Let K be a smooth compact planar obstacle with connected exterior F, and assume 0 € int K. There
may be several components; the flux pole is in the component containing zero. On E put

A(z) = (—z2,21), aop(z) = (_Tj"fl), Ay, = bA + vay.

The field in E is 2b, and the additional circulation about the pole is 27v. In this section we consider
b,p>0,p=>b+p>0,and |v| <1/4. The exterior DtN operator for |V —iA,,|? + p is denoted Ap .
It uses square-integrable finite magnetic-energy extensions for p > 0.

10.1. The radial coefficient and its uniform remainder

Fix an enclosing circle ¥ = dBg. For b > 0 put

1. .r _ 2 o 2<b p)
2+4b’ z = bR*, n=az=R 2+4.

For v # 0, define

11



_logI'(1 —v) —logI'(1 +v) +logI'(a +v) —logI'(a)

dy(a,z) = —logz (F1)
v
All gamma arguments in the logarithms are positive. The continuous definition at v = 0 is
do(a,z) = —logz — 2y — ¥(a).
For b=0,p > 0, use
dy(0,p: R) = Io 4 logT'(1 —v) —logI'(1 +v) (F2)
v 7pa - g pR2 v )
again continuously at zero. Denote these expressions collectively by d,, (b, p; R). Then
dy (b, p; R) = log(1/p) + Or(1) (F3)

uniformly for |v| < 1/4, including all p/b ratios. To see this on b > 0, write the last gamma quotient
as fol Y(a+tv)dt. Since a > 1/2, a+tv > a/2 and ¢(a + tv) —loga is uniformly bounded. The quotient
involving 1 + v is bounded on the fixed flux interval. Thus d, = —log(az) + O(1), and az <p p.

For sufficiently small p, d,, > 0. Define

v vd,(b,p; R 2
oppu(R) = I COth((z)) ; oy p0(R) = Rio(b,pi R)’ (F4)

This expression is positive even when v < 0. Its dependence on the signed flux is not exactly even,
because d,, need not equal d_,, when b > 0.

Lemma 10.1 (uniform radial coefficient). The zero-angular-mode DtN eigenvalue satisfies

Mo(bvpv v, R) = O-ILP,V(R) + OR(p)a (F5)

uniformly for |v| < 1/4 and all nonnegative parameter ratios.

Positive field

The decaying radial solution is

u(r) = rfyefbr2/2U(a, 1 — v, br?).

This follows by substituting into

A\ 2
—u —r !+ (br—i—) +p|u=0.
T

For v # 0, the classical Kummer connection identity, DLMF 13.2.42, gives exactly

I'(v)

U(a,l—u,z):m

{PV(Z) - QQV(Z)}’ (FG)

where
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'l —-v)l'(a+v)
1+ v)I'(a)

v _ _—vdy

P,=M(a,1-v,2), Q,=Ma+v,1+v,2), q=

The identity itself is prior special-function theory. Uniform control of the cancellation at v = 0 is
essential here.

For a > 1/2, |v| < 1/4, n = az < 1o, the defining power series of M imply

1Py = 1| +1Qu — 1| + [20:P)| + |20:Qu| < Cn, (F7)

and

[Py = Qul +[20-(P, — Qu)| < Clv[n. (F8)

Here are explicit uniform bounds for this use of the series. Its coefficients are («);27/((c);5!). Along
the required parameter segments o = a + v > a/2, ¢ > 3/4, and

(a.+ 0v); <o
al(3/4); ~
Indeed 1+ 0v/a + k/a < 3/2 4+ 2k = 2(k + 3/4) termwise. The same bound applies with o = a.
Differentiating a coefficient with respect to v adds sums of reciprocals of o+ k or ¢ + &, bounded by C'j
since @« > 1/4 and ¢ > 3/4. Applying 20, adds a factor j. The series with these polynomial factors are

bounded by Cn for j > 1. At zero flux Py = Qq, so integration of the parameter derivative proves (F8).
No large-a asymptotic is differentiated without a bound.

Factor the braces in (F6) as

P—aQu=(1-(+08), §=P—1+77 (A -Q)
The elementary inequalities
2 2 1

viq v <
[1—q ~ d," (1—¢q)? 4sinh®(vd,/2) ~— d2

(F9)
control both signs of flux. Differentiate at fixed a, v; then 20,9 = vq. Equations (F7)—(F9) give

|0] + |20:0] < C. (F10)

For the differentiated second term in d, use (F8) and the second bound of (F9); this avoids an
apparent 1/v singularity. Taking the logarithmic derivative in (F6),

0, U vq
—_—— =
U 1—gq

+O(n).

The constant factor in (F6) and 1 — ¢ can both be negative when v < 0, but their product is positive;
the displayed identity is a real logarithmic derivative of that positive product and does not require a
complex logarithm. Therefore

v vd,
+ 7{] + OR(?]) = E coth <2> + OR(,O).
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At v = 0 use continuity of the positive defining integral of U and its derivative for fixed a,z. All
constants just established are uniform in punctured flux neighborhoods, so (F5) passes to zero flux. This
recovers the previous digamma coefficient without a loss in the remainder.

Scalar axis

For fixed p > 0, let b | 0. The minimum radial energy converges to the scalar/flux radial energy. A
compactly supported radial trial function gives the upper bound, approximating the scalar minimizer
by cutoffs. For the lower bound, restrict minimizers to each finite interval. Their energies control
local H1 norms and, through the positive p term, global weighted L2 norms. Weak compactness, trace
continuity at R and lower semicontinuity on successive finite intervals give an admissible scalar limit with
no larger energy. The uniqueness of the scalar minimum identifies the limit. The pointwise potentials
are nonnegative, so discarding the exterior interval in this argument is legitimate.

Also logT'(a+v)—logI'(a) = vloga+ O(|v|/a) uniformly in the fixed flux interval, with the quotient
at zero understood by the digamma integral. As b — 0, az — pR?/4, so (F1) tends to (F2). Passing
to the limit in the uniform estimate (F5) gives its scalar-axis version. This agrees with the solution
K,(y/pr) and does not assume a uniformity that was proved only at fixed nonzero flux.

10.2. The other circle modes

For n # 0, put k = |n — v| > 3/4. Rescale to R = 1 and choose T' = p~'/4. The radial energy is

50 B 2
/ <|v’|2 + (n v_ br) |v|? +p|v\2> rdr.
1 T

The free-end argument of Section 4 works with the real exponent k:

i >k — 2kT 72 — 2072 > | — Cp/8.

For the upper bound use v = x(r/T)r~*. Its unperturbed energy is k + O(T~2¥). The cross and
mass terms are bounded uniformly by CpT/? log(2T"); for k > 1 this is a deliberately loose bound, and
for 3/4 < k < 1 it follows by bounding the integral of 7' =2¥. The quadratic magnetic term is at most
CVT5/2. Each is O(p3/®). Thus

n =Yl s, (F11)

sup |pn (b, p,v; R) —
n#0

Define S, on the circle to have Fourier eigenvalue |n — v|/R for n # 0 and zero for n = 0. Unlike
the complete |Dg — v|/R, this family is analytic at v = 0: its nonzero eigenvalues are (|n| — vsgnn)/R.
With e = (27R)~"/2 and Il = e ® ¢, (F5) and (F11) imply

Topy = Sy + Ub,p,V<R)H + Fb,p,w HFb,p,VHLZ—w? < CRPB/S- (F12)

The exponent 3/8 is a convenient uniform bound on the chosen flux interval. It is not claimed sharp.

10.3. The general-obstacle effective operator

Use the fixed bounded region U = Br \ K and let

14



A, B
M — 14 14
(5 &)
be its DtN map for the flat potential vag, with no constant field or scalar mass. This notation for

the blocks does not denote the vector potential. The singular pole lies outside the closure of U, so all
coefficients on U are smooth. Lemma 5.1 gives

1My py — Myl 22 < Cp (F13)

uniformly for |v| < 1/4. The principal symbol is independent of all three parameters. The family
M, — My is real analytic as a bounded operator on L?, and the off-diagonal blocks are smoothing.
For this parameter claim, the differential expression is polynomial in v on a fixed Dirichlet domain.
Its inverse extends holomorphically to a complex neighborhood of each real invertible parameter by a
Neumann series. The finite symbol construction in Lemma 5.1 is holomorphic there, with parameter-
independent principal symbol. The exact remainder is obtained from that Dirichlet inverse and has
the same holomorphic dependence in the finitely many operator norms needed for the L? bound. This
proves the asserted bounded-operator analyticity without assuming convergence of an infinite symbol
expansion.

Put

K,=C,+S,, H,=A,-B,K,'B, wv,=BK, e, r,=(e K, e).

The operator K, is uniformly positive and invertible over the compact flux interval. Its energy is
the sum of the bounded-region magnetic energy with zero data on I' and the nonnegative outer form of
Sy. If its energy vanishes, the bounded-region function is covariantly constant and has zero trace on I,
hence is zero. Ellipticity, compact resolvent, and continuity in the parameter give the uniform positive
lower bound.

For t > 0, define the auxiliary effective operator

H(v,t) = H, + #vy ®@v, = A, — B,(K, +tII) !B} (F14)
1+tk,

It is nonnegative, self-adjoint, has common domain H!(I') and compact resolvent. Its bounded
difference from Ay is real analytic in (v,t) near (0,0). The form interpretation minimizes the bounded-
region energy plus the nonnegative form S, + tII. Notice that H, must be retained: replacing it by Ay
discards terms of order v, which matter in the transition regime.

Theorem 10.3 (uniform flux normal form). For some Ck, px > 0, uniformly for |v| < 1/4 and
0 <p<pxk,

[Abp — H (v, 00 pu (R)|| 1o, 12 < Crp®®. (F15)

Proof. The exterior realization for positive p is constructed as in Section 2. On zero-trace func-
tions, the lower bound 2b + p follows by completing the covariant-derivative square on smooth functions
compactly supported in E, where the curl is exactly 2b, and passing by density. It is not necessary to
extend the singular Aharonov—Bohm potential through the pole. Local trace/form estimates use that
the potential is bounded on U, uniformly in the chosen parameter window.

The exact conormal matching gives

-1
Abm,v = Abmw - Bbvp,v(cbmvv + Tb,pvv) Bl;k,p,u'
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By (F12)-(F13), the middle denominator equals K, 4 oIl + O2(p*/®). Since o > 0, its unperturbed
inverse is uniformly bounded. The inverse identity, smoothing off-diagonal bounds and (F13) then give
(F15), exactly as in the zero-flux proof. The bounded difference is taken initially on the common H*
domain. This proves the theorem using Lemma 5.1. [J

In particular, the error in every ordered eigenvalue is bounded by the same Cxp3/3. The estimate is
uniform through integral flux after the usual integer gauge conjugation. It concerns one specified flux
pole, not an arbitrary independently varying vector of circulations about several components.

At zero flux Hy = Ay, v9 = —V27mRw and k9 = Rlog(R/c). Formula (F14) therefore reduces to
Theorem 1.1. At a fixed nonzero flux, o — |v|/R, and (F14) tends to the DtN operator obtained by
matching the exterior decaying flat-flux modes ~1"~¥I. This recovers the appropriate exterior Aharonov—
Bohm limit. The algebraic convergence exponent in (F15) concerns approximation by the parameter-
dependent effective operator, not convergence to this fixed-flux limit; the latter still contains the slower
pl*! transition through o.

A two-parameter real-analytic operator family need not have jointly analytic individual eigenvalues
at a multiple eigenvalue. Only its finite-dimensional analytic spectral-cluster matrix, and its simple
eigenvalue branches, are asserted analytic. The all-index min—-max bound needs no such assertion.

10.4. The leading lowest-eigenvalue crossover

Let L = |T'|, £ = log(1/p), and now also let v — 0. Complex conjugation sends M, to M_, and S, to
S_,. The vector e is real. Thus

H(v,t) = H(-v,t),
and its simple lowest eigenvalue h(v,t) is even in v near zero. The first derivatives are

o 2R

dyh(0,0) =0, &h(0,0) = [{vo, L™*)* = =

Analytic perturbation at the isolated simple zero eigenvalue gives

(v, 1) = 4 Ok + 1)),

Since o = Og(|v| + £71), the normal form yields

2
Xo(b,p,v; K) = %I/COth <V2€> + Ok (W] + 7H2) + Ok (p*/%). (F16)

To replace d,, by ¢, differentiate v coth(vd/2) in d. Its derivative has absolute value

2 2
— <
2sinh?(vd/2) ~ d?

Equation (F3) therefore incurs only O(¢~2), uniformly over signed flux. All functions at v = 0 have
their continuous values.
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Corollary 10.4 (crossover). If v/ — s € R, then

2
o(b,p,v; K) — %s coth(s/2), scoth(s/2)|s=0 = 2. (F17)

The limit is independent of the ratio p/b and of the obstacle except for perimeter. If instead v — 0
with |v|¢ — oo, (F16) gives Ao ~ 27|v|/L. Thus the logarithmic zero-flux regime and the small-flux
Aharonov-Bohm regime are joined by one uniform law. This is not a claim that the full effective
operator is independent of shape or that its linear flux correction vanishes.

10.5. Signed-flux asymmetry

Corollary 10.5 (signed-flux asymmetry). Suppose b >0, p — 0, v — s € R, and p/b — r € [0, c0].
Write

1 r
lIszz/J'(2+4> (r < o0), Uy =0
Then
(No(b,p,v; K) — Mo(b,p, —1; K)) — %33 csch?(s/2) 0, (F18)

where the continuous value of s3 csch?(s/2) at zero is zero. For a pure constant-field regularization,
r =0 and ¥y = 72/2. The scalar-dominated limit gives zero at this scale.

Proof. The quotient involving I'(1+v) in (F1) is even in v. Taylor's theorem applied to the digamma
integral gives, uniformly for a > 1/2,

dy —d_, = —vy'(a) + O(v?).

The bound on the remainder follows from bounded polygamma derivatives on [1/4,00). The mean-
value theorem in the d argument of (F4) then gives, for some intermediate d. = £ + O(1),

v*y/(a)

Obpy — Obp,—v =

ul5
esch?(vd, /2) + Og (sth’(ld*/2)> . (F19)

The expression is interpreted continuously at zero. Uniformly when |v|¢ is bounded, the last
term is O(|v|?/¢?), and hence is o(¢~3). Also the leading term in (F19), multiplied by ¢3, tends to
s3W, csch?(s/2)/(2R); continuity at s=0 follows from x/sinhz — 1.

Because h(v,t) = h(—wv,t), the difference of its evaluations at the two actual radial coefficients is

h(v,0,) = h(-v,0-) = (T +0(1)) (0, = 0-.).

L
Finally £3p%/% — 0, so (F15) transfers this relation to the actual lowest eigenvalues and proves (F18).
No derivative of the unknown operator remainder is taken. Differentiating a uniform real-parameter
error estimate without derivative control would not justify a flux-derivative theorem; the finite signed
difference avoids that pitfall. [J

The asymmetry is sensitive to how mass and magnetic field vanish, even though the leading crossover
(F17) is not.
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11. The second-order geometric gap across the transition

11.1. The flat-flux coefficient and harmonic measure

Assume K is the closure of a smooth bounded simply connected domain containing zero. Set £ = R?\ K,
I'=0K, L =|I'|, and ¢ = cap(K). Let F : {|w| > 1} — E be the exterior conformal map normalized by
F(w) = cw + O(1) at infinity. Put m(0) = |F'(¢?)|. Thus ds = m(0)d and L = fo% m(6)db.

The function F'(w)/w has a nonvanishing analytic logarithm on the exterior disk, tending to log ¢ at
infinity. Indeed it is nonzero and its winding number on a large circle is zero. Write y = Im log(F(w)/w).
Pulling back the one-form ay = darg z gives df + dy. Multiplication by e?X removes the exact sum-
mand, and conformal invariance of two-dimensional magnetic energy gives the exterior flat-flux boundary
operator, in L%(m df), as

m ™Dy — v|. (G1)

For nonzero flux, the finite-energy solution uses radial modes r—1"~*| not an L? requirement at
infinity. This is precisely the flat limit constructed by circle matching in Section 10. At zero flux its
constant mode is the bounded harmonic extension. Thus the use of a conformal map does not change
the realization.

Let Py project onto constants in L?(df) and put Je™? = sgn(n)e™ with J1 =0. For 0 < v < 1/2,

’Dg — I/‘ = ’Dg‘ + I/(Po — J)

This is an exact affine family, with common domain, self-adjoint in the weighted boundary space
after multiplication by m™!. Its perturbation is bounded because m is smooth and bounded above and
below. The simple zero eigenvalue at v = 0 therefore has an analytic branch from the right.

Recall w = —0,,,G/(27) and

Ny = w — L_l, Sk = <7703 (AO‘IL)_IUO> > 0.

Conformal invariance of harmonic measure gives w(F(e??)) = (2rm(#))~'. With the normalized
constant eg = L™/2 and V = m~1(Py — J), one has

2
Veg = 27TL_1/20J, (eg, Veg) = %, (I —eg®eg)Vey = 27rL_1/2170.

Differentiate the simple eigenvalue equation with eigenvector normalized by its scalar product with eg.
The first eigenvector derivative is —27L~/2(Ag|;1) " !n. Since the operator family is affine, the quadratic

eigenvalue coefficient is the scalar product of this vector with Veg, namely —472Sy /L. Consequently

2 4
N (v K) = vl = == Skv* + O (). (G2)

Conjugation supplies the negative side. The flat-flux calculation is an auxiliary perturbation ar-
gument, not a separate novelty claim. Aharonov--Bohm Weinstock inequalities and conformal energy
covariance are prior results; see [CPS|, Theorem 16 and Appendix C. The exterior formula here also
follows directly from the displayed conformal gauge and radial modes.

For an explicit geometric formula, use Fourier coefficients m,, = (27)~! [ m(8)e~"’df. The equation
Aog = no becomes
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m

1
Dylg = — — 2.
|Dglg 5 T T

The nonconstant coefficients of g are —m,, /(L|n|). Choosing the constant coefficient so that [ gm df =
0 and then evaluating Sk = [ nog ds yields

2 |m, |2
Sy = ngé:o il (G3)

The sum converges for smooth m. Therefore Sk = 0 exactly when m is constant. In that case log |F”|
is bounded harmonic on the exterior, has constant boundary value and a removable value at infinity; it
is constant. A holomorphic function of constant modulus is constant, so F’ is constant and K is a disk.
In particular, Sg > 0 for every nondisk.

11.2. Identifying the two-parameter Hessian

Fix an enclosing radius R and write ¢ = log(R/c) > 0. The auxiliary analytic ground branch h(v,t) of
Section 10 is even in v, so

h(v,t) = at + Bt2 + 2 + O ((Jv] + [t)?). (G4)

At zero flux, the exact capacity identity gives 7 = 2rRt/(1+ Rqt) and h(0,t) = 7/L—72Sk /L+O(t3).
Hence

27R 27 R? 472 R2
o= —, ﬁ = - q— L

i3 Sk.

On the positive flat-flux curve ¢t = v/ R, the auxiliary operator is exactly the flat-flux DtN operator.
Comparing (G4) to (G2) determines the remaining coefficient:

_27r

V=T (G5)

No extrapolation from finite diagnostics is involved. The exact flat-flux curve determines a Taylor
coefficient of the two-variable analytic family.
11.3. Capacity-normalized second-order expansion

For p=b+p >0, let £ =log(1/p) and let d, (b, p; R) be the radial denominator of Section 10. Define

S = d,(b,p; R) + 2log(R/c),  X.=uvcoth(vd’/2), Xey_o=2/dS. (G6)

v

The first expression is independent of R, directly from its logarithmic dependence on radius. Write
e = |v| + £71. Uniformly over all nonnegative parameter ratios and sufficiently small p, d5 = £ + O (1)
and X, <k ¢.
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Theorem 11.1 (second-order transition). For a fixed smooth simply connected obstacle,

Ao(b,p, v K) = ch - TSKXC + Ok (€”) + Ok (p”'®), (G7)

uniformly as p | 0 and v — 0, without a relation between the two rates.
Proof. Put Xg = vcoth(vd,(b,p; R)/2), so t = Xr/R. Substitution in (G4)--(G5) gives

2

7 SKAX]%L + OK(€3).

h(v,Xr/R) = %{XR +q(v® — X)) -

For f,(d) = v coth(vd/2) one has

fi(d) = —%Vz csch?(vd/2), 1)(d) = %1/3 csch?(vd/2) coth(vd/2).

v v

On the relevant interval of bounded shifts from ¢, |f,| < Ce? and |f!| < Ce&?, including their
continuous values at zero. Indeed |v coth(vd/2)| < |v| 4+ 2/d and v? csch?(vd/2) < 4/d>.

Taylor's theorem across the fixed shift 2¢q therefore gives

X, = Xp+q(v® — X%) + Ok(e%), X2 = X% 4+ Ok(e%).

The existing uniform operator theorem supplies the remaining OK(p3/ 8) difference to the actual
lowest eigenvalue. This proves (G7). O

11.4. Uniform disk comparison

Theorem 11.2 (uniform eventual disk comparison). Let K be a fixed nondisk satisfying the
assumptions of this section. There are positive constants v, px, Cx for which (G9) holds throughout
the indicated parameter neighborhood. Furthermore, the distinguished-limit gap is (G10).

Proof. Let D be the disk of perimeter L, centered at the flux pole, and write r, = L/(27) and
d = log(rs/c). Capacity--perimeter gives § > 0, strictly for a nondisk. The radial denominators satisfy
exactly

S = d’* + 26.

Since f, is decreasing, X,, > X, for either sign of flux. For a disk Sp = 0. Applying (G7) to the
two obstacles gives

2 472

No(b,p,v; D) = Mo(b,p,vi K) = (X, = Xo) + —— Sk X2+ O () + Ok (6™, (G8)

If K is not a disk, Sx > 0 by (G3). Because X. < ¢ and p3/8€2 — 0, the right side is bounded
below by a positive constant times €2 after first restricting |v| and then p sufficiently. Thus there exist

Vi, pi,Ck > 0 such that

No(b, p, v D) — o(bp,v: K) > Cxe (yyy + >0 (G9)

1 2
log(l/(b+p)))

whenever b,p > 0,0 < b+p < px and |v| < vg. This is one rectangular parameter neighborhood; no
bound on vlog(1/p) is required. The constants depend on the obstacle, and no uniform threshold over
all shapes is claimed.
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In the distinguished regime v/ — s € R, the exact leading gap is

2
Z(No(b,p,v; D) — Xo(b,p,v; K)) — 2%5 s% csch?(s/2) + 4%51{82 coth?(s/2). (G10)

Both squared hyperbolic expressions have continuous value 4 at zero. The mean-value theorem in
(G6) gives the first term, and (G8) gives the second. The O(e®) remainder becomes negligible because & =
O(¢~1) in this regime. The formula recovers Theorem 8.1 at s = 0 and is uniform in the magnetic/scalar
ratio. UJ

The comparison removes symmetry and convexity assumptions at an obstacle-dependent parameter
threshold. It does not provide a field interval uniform over all shapes, and it does not settle the entire
specified field range of [KL]. The flux neighborhood is likewise allowed to depend on K.

Development and review. This manuscript was developed with Al assistance. Floating-point
radial checks supplement the analytic proof. The companion review records source versions, access
limitations and the scope of the priority and significance assessment. Internal checks are not independent
expert review.
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