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Abstract

We study the Newtonian single-layer operator on planar patches that collapse onto an embedded curve
with a variable transverse width. After division by the thickness times its logarithm, the operators
converge strongly to transverse averaging followed by multiplication by the local width. Every fixed
eigenvalue converges to the top of this limiting spectrum, whereas the spectral measure of a constant
function converges to the area-weighted distribution of widths. Consequently, when the maximum-
width set has zero length, every fixed spectral weight tends to zero. This proves the proposed van-
ishing of the principal weight for thin ellipses and rhombi. A separate capacity estimate controls the
singular perfect-reaction endpoint and yields a relative asymptotic formula uniform over all positive
reactivities. The formula characterizes when the standard one-pole approximation is asymptotically
exact. For constant-width Euclidean tubes we obtain bounded remainders in two conjectured loga-
rithmic asymptotics. Finally, a separated-disk construction and a small-area perturbation argument
produce a connected smooth patch whose second spectral weight exceeds its principal weight.

Keywords: reactive capacitance; exterior Steklov problem; thin domains; single-layer operator;
spectral measure; localization.

1. Introduction and results

For a bounded planar patch I' C R?, consider the operator

(Grfe) = [ D (1)

Its reciprocal eigenvalues are the exterior Steklov eigenvalues for a reactive patch in the boundary of
a reflecting half-space. The spectral representation of reactive capacitance associates to each normalized
eigenfunction a weight given by its squared integral. These weights measure how the corresponding
mode couples to a spatially constant input.

Grebenkov and Maurette [GM, Sections III C and IV] ask whether the principal weight tends to
zero for increasingly thin ellipses and rhombi, and whether a higher weight can exceed the principal
weight. Their Appendix B also proposes two logarithmic tube asymptotics, equations (B18) and (B19).
We address these questions through a common operator framework. The spectral representation, the
one-pole approximation, and the underlying variational principles are prior results; our contribution is
their thin-shape limit and its consequences.



The distinction between spectral location and spectral weight is essential. All fixed eigenvalue
indices approach the same normalized value, determined by the largest width. In contrast, the limiting
response depends on the entire width distribution. Its mass can escape every fixed set of eigenvalue
indices without escaping the bounded spectral interval.

1.1. Geometry and normalization

Let S =[0,/], or let S = R/{Z be an arclength circle. Let v : S — R? be an embedded unit-speed C?
arc or simple closed curve. In the arc case it is C® up to the endpoints. Assume the center curve has a
positive tubular radius: sufficiently close points have a unique nearest point on the curve. Write n(s)
for a continuous unit normal and x(s) for the signed curvature.

Let h: S — [0,00) be Holder continuous, positive in the interior of the arc, or everywhere on the
circle. Define

H= mgxh > 0, D ={(s,y):s€S° |yl <h(s)}, A=|D|= / 2h(s)ds. (1.2)
S

For a circle, §° = S. Endpoints have no effect on the integrals. For sufficiently small € > 0, put

F.(s,y) =(s) +eyn(s), I'. = F.(D), L. =log(1/e). (1.3)

All limits below are as € | 0, with the curve and A fixed. The Jacobian of F; is €J., where

Jo(s,y) =1 —er(s)y, IT:| = eA. (1.4)
The area identity follows from symmetry in y. Define the unitary map and normalized operator

 U.Gp.U:

Usf =vel: folFg, B, oL

(1.5)

List the eigenvalues of Gr_ in decreasing order, with multiplicity, as vo(e) > v1(g) > --- > 0. Set
ur = 1/vg. For any real orthonormal eigenbasis 1y, define

1 2
Fi(e) = .| </ ¢k> ; > Fi(e) =1. (1.6)
€ T E>0
Individual weights in a multiple eigenspace depend on the chosen basis. Our fixed-index conclusions
hold for every choice; the spectral measure below is basis independent.
1.2. Main theorems

Theorem 1.1 (operator limit and localization). Under the preceding hypotheses, B. converges
strongly on L?(D) to

(s) S
BN6w = [ f5,0a: = 2 (e gy, 07)

™ J=n(s)

where P is the orthogonal projection onto functions constant on each transverse section. For every
fixed k > 0,



vile) _, 2H o

L. — eLepg(e) — 5 (1.8)
If 1 = Uy, then

[ (H = b)) dsdy —> . (19)

If {s: h(s) = H} has arclength measure zero, then ¢ . — 0 and Fj,(¢) — 0 for every fixed k.

Theorem 1.2 (limiting spectral measure). The probability measures

Z Fi(e )/(eLe) (1.10)
k>0

converge weakly to the pushforward of 2h(s)ds/A under s — 2h(s)/w. Equivalently, for every
continuous function g on a fixed compact interval containing the spectra,

/gd776 — /11/52h(s)g(2h(3)/7r) ds. (1.11)

For p > 0, the reactive capacitance in the normalization of [GM] is

Iz “1qy AT
() = —(1,(1 = 1.12
Colp) = 200, (1 + puGr) 11y = 1 ;}HM (112)
Write C(00) = lim, o Ce(pt). Define
t 2h(s) 1

Ryt)=— | ———+—~—ds, t>0 R = _. 1.13
nlt) 277/5 1+ 2th(s)/m 5ot=w n(o2) 2 (1.13)

Theorem 1.3 (uniform reactive capacitance). One has

¢ L:Ce(p)
L.C.(00) — =, su ‘” - 1‘ — 0. 1.14
(0) 2 0<u£oo Rp(peLe) ( )

The ratio has continuous value one at p = 0. Thus (1.14) includes the transition between reaction-
limited and diffusion-limited behavior, even when p varies arbitrarily with €.

Two further results concern the same geometric questions. Theorem 5.1 proves the bounded remain-
ders in [GM, (B18)-(B19)] for regular embedded center curves. Theorem 6.1 constructs a connected
smooth patch with F} > Fy.

1.3. Relation to other asymptotic regimes

The small-patch expansions of Grebenkov-Ward [GW1, GW2] and Lindsay-Bernoff-Grebenkov-
Hoskins-Ward [LBGHW] involve patches whose diameters shrink on a three-dimensional boundary.
They express global quantities through local reactive capacitances and interaction terms. Here the
center curve remains fixed while only the transverse width shrinks, and we determine the local spectral
measure and capacitance in this different degeneration. The local spectral representation used in those
works is credited throughout; their global expansions are not needed in our proofs.



2. The logarithmic operator limit

We first record elementary operator facts. For every bounded measurable planar set F,

sup/ W o 2.1)
v JE 27|lx — 9|

Indeed, splitting at radius r gives a bound r+|E|/(27r), and one minimizes in r. Schur's test makes
G g bounded. Deleting its kernel on |z —y| < § changes the operator norm by at most J; the remaining
kernel is square integrable. Thus G is compact and self-adjoint. It is strictly positive as a quadratic
form: extend f by zero and use the Gaussian representation of |z — y|~!, whose Fourier transform
is positive. Each nonzero f has strictly positive Gaussian energy. This also proves injectivity. The
strictly positive kernel implies a simple positive principal eigenfunction: replacing a maximizer by its
absolute value can only increase its Rayleigh quotient, strictly if both signs occur, and its image under
G is positive almost everywhere. Two orthogonal principal eigenfunctions are therefore impossible.

2.1. A straight strip

Suppose first that y(s) = (s,0), S = [0,4]. On L?(D) the operator T. = L.B. has kernel

1
Ke((s,9), (L, 2)) = : 2.2
E((S y) ( Z)) 271'\/(5 —t)2 +€2(y_ 2)2 ( )
Let re(s,y) = [p K:((s,9), (t,2)) dt dz.
Lemma 2.1 (row estimate). Uniformly on D,
h l— 2h
o) = "D iog, 2 t10g, 0 w0, sy < i (2.3

where log, ¢ = max(logg,0).

Proof. On |t — s| < e, substitute ¢ = s + eu. The integral is bounded by a constant times the
integral of (u? 4+ v2)~/2 on [~1,1] x [-2H, 2H], hence uniformly bounded. On the complementary
region,

1 1 2e2 H?
0< — . 2.4
TR RV e R e A T 24
Its integral is O(1). Consequently,
1 h(t)
ro(s,y) = ;/Md s O (2.5)
[t—s|>e

If h has Holder exponent v > 0, replacing h(t) by h(s) costs at most a constant times foe q“'dq.
The remaining integral is explicit and gives (2.3). O

The one-sided endpoint logarithms in (2.3) cannot be replaced by a uniform two-sided O(1) re-
mainder when h is positive at an endpoint. The uniform upper bound is sufficient for the spectral
estimates; their integrability will suffice for the tube average.



Lemma 2.2 (strong convergence). For the straight strip, B. — B strongly on L?(D).

Proof. Let f be the restriction of a continuous function on the closed rectangle [0, /] x [—H, H],
and put

h(t)

af(t) = / f(t,2) dz. (2.6)
—h(t)

This is continuous. The same near/far split as in Lemma 2.1 gives, uniformly in (s, y),

) =g [ o

lt—s|>e \t — s

dt + O([| floo)- (2.7)

For a fixed interior s, the integral with ay(s) substituted for az(t), divided by L., tends to 2ay(s).
To bound the difference, first restrict to [t —s| < J, where continuity bounds it by 2wq (d)L: +O(1); the
remaining part is Os(1). Divide by L., then let § | 0. This proves pointwise convergence to as(s)/m.

Lemma 2.1 bounds | B f| uniformly by C/|| f||co. Dominated convergence gives convergence in L?(D).
Continuous restrictions are dense, and Schur's test gives sup, || B:|| < oo, so the convergence extends
to every f € L*(D). O

2.2. Curvature

For a curved strip, 1. = L.B; has kernel

- Je(s,y)J:(t, z)
Kellsw), (02) = o o = Bt o)l

(2.8)

On a circle let dg(s,t) denote the shorter arclength distance. On an interval put dg(s,t) = |s — ¢|.
The straight reference kernel means (2.2) with |s — t| replaced by dg(s,t).

Lemma 2.3 (curvature comparison). The difference between the operators with kernels (2.8)
and the straight reference kernel has norm O(1), uniformly in €.

Proof. For a signed shorter displacement d with |d| < d, Taylor expansion gives

F.(s,y) — Fe(t,2) = dy'(t) + e(y — 2)n(t) + O(d® + ¢|d|). (2.9)

Set @ = (d? + £2(y — 2)?)Y/2. Since Q > |d|, for fixed sufficiently small § and then small ¢, the
distance in (2.9) is comparable to @, and

]d|+€

K. - (2.10)

3l <

The term |d|/@ is bounded by one. The row integral of £/Q is O(eL. + ¢) by the same near/far
estimate used above. These bounds are uniform. For dg(s,t) > §, compactness and embeddedness
give a positive minimum chord distance between v(s) and «(¢). The transverse perturbation preserves

a positive lower bound for small €, so this part also has bounded row integral. Symmetry and Schur's
test prove the assertion. [

For the circular reference kernel, Lemmas 2.1 and 2.2 hold with two equal local logarithmic sides
and no endpoints. In particular its row is 2h(s)L./m + O(1) uniformly. Lemma 2.3 therefore proves
the strong convergence assertion of Theorem 1.1 in all cases. It also gives, for every f € L?(D),



2h(s)

s

C
(Befo ) < [ = (s, y) P dsdy + 115 (2.11)
For the straight reference operator this follows from 2|f(x)f(y)| < |f(x)|> + |f(y)|? and the row
estimate; Lemma 2.3 supplies the same bound for the curved operator.

The convergence is not convergence in operator norm. The limit acts as nonzero multiplication on
an infinite-dimensional space of transverse constants and is not compact, whereas each B, is compact.

3. Eigenvalues, localization, and spectral measures

Proof of the remaining assertions of Theorem 1.1. Inequality (2.11) gives the upper bound
limsupry/(eL:) < 2H/m. Given 6 > 0 and k, choose a (k + 1)-dimensional space of transverse
constants supported where h > H — §. This is possible even if the maximum occurs at an endpoint, by
continuity and positivity in the interior. On this space (Bf, f) > 2(H — §)||f||?/=. Strong convergence
is uniform on its unit sphere, since the space is finite dimensional. The minimax principle gives

lim inf .
T

ve(e) _ 2(H — 6)
o2 (3.1)

Letting d | 0 proves (1.8). Substituting f = ¢y . into (2.11), using its unit norm and (1.8), proves
(1.9).

Suppose the maximum set has measure zero. Put E5 = {(s,y) € D : H — h(s) < }. Its area tends
to zero with 6. On D\ Ej, (1.9) implies (¢ ellr2(p\£,) — O for each fixed 6. For any v € L?(D),

(ke )| < vllp2(my) + 10kell 2o\ E5) V] 2- (3.2)

First let € | 0, then § | 0. This proves weak convergence. The normalized constant input pulls
back to

in L*(D). (3.3)

Thus Fy, = [(¢c, ¢r.c)[* — 0. O

Proof of Theorem 1.2. Positivity and the uniform norm bound place all spectra in a common
compact interval. Strong convergence implies strong convergence of every polynomial in the operators.
Uniform polynomial approximation then gives g(B.) — g(B) strongly for every continuous ¢g on that
interval. By (3.3),

[ gdn. = (e 9(B)as) — (a.9(B)a). (3.4)

Since Pq = q, the last expression is the right-hand side of (1.11). The transverse zero eigenspace
of B contributes no additional atom. [



Corollary 3.1 (ellipses and rhombi). On S = [—1,1], take respectively h(s) = V1 —s? or
h(s) =1 — |s|. For the resulting ellipses or rhombi,

elog(1/e)uk(e) — g, Fi(e) = 0 for every fixed k. (3.5)
In particular there are bounded smooth convex patches with arbitrarily small principal weight.
Uniform spatial dilation preserves the weights, so this remains true after fixing area or diameter by

dilation.

Proof. Both profiles are Holder continuous and have a unique maximum of value one. Ellipses have
smooth convex boundaries for every positive e. Under a dilation by a, the unitary change of variables
multiplies G by a and preserves the normalized squared integrals in (1.6). O

4. Uniform capacitance and the one-pole approximation

4.1. Finite rescaled reactivity

Put t = peL.. Equations (1.12) and (3.3) give

LeCult/(eLe)) = (g (I +1B0)a2). (4.1)

™

The strong functional calculus proves convergence to Ry, (t) for fixed finite t. The resolvent identity

and the uniform operator bound imply a common Lipschitz bound for the scalar expressions after

division by ¢, including their continuous values at zero. A finite mesh therefore upgrades the pointwise

convergence to uniform convergence after division by t on every bounded t-interval. This also follows
directly from uniform polynomial approximation of (1 + tz)~! on a compact rectangle in (¢, z).

4.2. The perfect-reaction endpoint

Strong convergence alone does not control inverse operators at zero. We use an independent energy
upper bound. If a compactly supported potential u € H'(R?) equals one on a neighborhood of T, then

Crin) < 4 [ IVuP (0< <00, (42

This is the usual Newtonian capacity upper bound, consistent with [GM, (52) and (55)]. For
completeness it also follows directly from the integral operator, even for our Holder profiles. For
f € L*(T) let v be its single-layer potential with kernel 1/(2m|z —y/|) in R3. The distributional identity
—Av =2fd1,,-0y gives

/|Vv|2 =2(f,Grf), /Vu Vo = Q/Ff. (4.3)

These identities follow first for smooth densities and then by the energy bound (2.1). Cauchy-
Schwarz yields ([ f)% < ([ |[Vu|*)(f, Grf)/2. Apply this in the quadratic variational identity

27Cr () = s {2 [1-.6ep) - /flllfII%}- (4.4)



The supremum is bounded by [ |Vu|?/2. This proves (4.2) for finite 1, and monotone convergence
in (1.12) proves it for infinity.

View the center curve in R3. Choose a fixed § smaller than its tubular radius, and set a = 2¢e H < 6.
With d(z) denoting distance to the curve, take

1, d(z) < a,
u(x) = < log(d/d(x))/log(d/a), a < d(z) <4, (4.5)
0, d(x) > 0.

It equals one on a neighborhood of the patch and is an admissible H' test potential. In normal
polar coordinates around the interior of a planar curve, the volume Jacobian is (1 — k(s)r cosf). Its
angular integral is 2wr. The shell energy along the curve is therefore 27¢/log(d/a). An open arc
also has two hemispherical endpoint shells, whose total energy is 47 (6 — a)/log(d/a)?. There are no
endpoint shells for a closed curve. Thus

C-(o0) < : +O(L:?), limsup L.C.(o0) <

)< 2log(d/a)

[NCRIESN

. (4.6)

The decomposition is valid for ¢ below the reach; smoothing (4.5) preserves admissibility and the
energy limit if smooth test potentials are preferred.
For every finite ¢, monotonicity in p and (4.1) give liminf L.C.(c0) > Rp(t). Since h > 0 almost

everywhere on S, dominated convergence gives Ry (t) — £/2 as t — oco. This proves the first assertion
of (1.14).

4.3. Uniformity over the whole range

Completion of the proof of Theorem 1.3. Define f.(t) by the left-hand side of (4.1), including its value
at infinity. It is nondecreasing in t, converges pointwise to Rj on the compactified half-line [0, o0],
and the limit is continuous there. A finite partition, on each of whose intervals the oscillation of Ry, is
small, proves uniform absolute convergence by monotonicity. This argument requires no monotonicity
in €.

For any fixed T > 0, the convergence of f(t)/t is uniform on [0,77], and

Ry (t) > A
t T 2r(1+2TH/m)

>0 (0<t<T), (4.7)

with continuous interpretation at zero. Hence relative convergence is uniform on (0,7]. On [T, 0o},
use uniform absolute convergence and Ry, (t) > Rp(T) > 0. The two bounds prove (1.14). The exact
area formula (1.4) gives the claimed ratio at zero. [

4.4. When a single pole suffices

The approximation of [GM, (27)] is

or 171

_ -1
Capp,s(u) - C&(OO) + /’L|F8‘

(4.8)

Let h = 7! [4 h(s)ds, and define



¢ 2th/w

R )= -—7——. 4.9
app7h( ) 214 2th/x (4.9)

Corollary 4.1 (limiting approximation error). For every ¢ > 0,
Capp,e(t/(eLe)) Rapp.h (t) (4.10)

C.(t/(cL0)) | Rat)

The convergence of these ratios is uniform on 0 < t < co. The limiting ratio is identically one if
and only if h is constant. If h is nonconstant, it is strictly larger than one at every finite ¢ > 0. In
particular,

lim sup
el0 ;>0

Connelt) ([ _ 1 (Fappalt)
Ce(n) 1‘ " 0<i<oo ( R (1) 1) >0 (4.11)

for nonconstant h. For constant h the limit of the supremum is zero.

Proof. Use (1.4) and (1.14) in (4.8). More explicitly, replacing L.C.(c0) by £/2 in the harmonic
mean changes it by a relative error no larger than a quantity tending to zero, uniformly in ¢. Theorem
1.3 then gives uniform convergence of the ratios. The function z +— (2tz/7)/(1 4 2tz/x) is strictly
concave for t > 0. Jensen's inequality with respect to ds/¢ proves the comparison and its equality
condition. The limiting ratio tends to one at both endpoints, and is positive and continuous throughout.
This gives the attained interior maximum in (4.11). O

For a rhombus with h(s) =1 — |s| on [—1,1], let ¢ = 2t/m. Direct integration gives
log(1 + ¢) c

Ri(t)=1- 2222 Rupalt) = 5.

(4.12)

At ¢ = 2, the limiting relative error is 1/(2—1log3)—1 > 0. For a rectangle with h = 1, both limiting
responses are ¢/(1+c¢). These conclusions concern the moving reaction scale p < 1/(elog(1/¢)); a fixed
bounded numerical range of 1 need not sample this scale for very small e.

5. Constant-width Euclidean tubes

Here the patch is the full planar distance tube

T: = {z € R? : dist(z, y(S)) < €}. (5.1)

For an arc this includes the semicircular end caps. Define its normalized average kernel energy by

dx dy
A= =]/ anle—y|° (5:2)

Theorem 5.1 (bounded tube remainders). For a fixed embedded C? arc or simple closed
curve of length ¢ and positive reach,

1/0(7;)_% 2L
o T RletOl) A=

+O(1). (5.3)

Proof. Let X be the normal strip with h = 1. Lemma 2.1, integrated in (s, y), and Lemma 2.3 give



dx dy 4e20
= Le +O(?). 5.4
To see explicitly the endpoint control, the difference between log, (s/¢) and L. is log max(s,¢),
whose integral on [0, ¢] is bounded. In passing between the curved kernel and physical integrals, factors
Je = 1+ O(e) contribute only O(eL.) = O(1) after division by 2.
The physical row on X, is at most (2L, /7 + C). If the curve is closed, this is the whole tube and
Schur's test and the constant Rayleigh quotient prove the first part of (5.3).

For an arc, the two caps have total area we2. Their contribution to any row is O(¢) by (2.1). For a
point x in the cap at s = 0, the strip portion s < Ce also contributes O(g) by its area. On Ce < s < §,
Taylor expansion about the endpoint gives, uniformly across the width,

1 1

€
—_— <C(1+—=5]. 5.5
|z — Fe(s,y)| sl < +82> (5:5)
Choose C large and ¢ small so that the compared distances are uniformly comparable. Integrating
(5.5) against the physical transverse measure gives a one-sided strip row L. /7 + O(g). For s > 0,
embeddedness gives a positive distance from the endpoint, and that part is O(¢). The other endpoint
is identical. Thus the maximum row of the full tube is still at most e(2L. /7 + C).

The constant Rayleigh quotient is bounded below by (5.4) divided by 2 + 72, Its leading term is
2e L. /m and its error is O(g). This proves the first part of (5.3). Integrals involving caps are bounded
by their area times the full row bound, hence are O(e3L.) = o(¢?). Therefore (5.4) remains valid with
the full tube in place of the strip.

Finally, integration of the planar normal-coordinate Jacobian and offset arclength gives

7 07|
closed curve 2¢el 20 (5.6)
arc 2el + me? 20 + 2me.

Dividing (5.4) by the squared area gives L./(n¢) + O(1), which equals the second expression in
(5.3). O

Since vy = 1/uo, (5.3) has the normalization and the bounded remainders in [GM, (B18)-(B19)].
The statement does not include singular or self-intersecting center curves, or families in which the
center curve changes with the thickness.

6. A higher spectral weight can exceed the principal weight

Theorem 6.1. There exists a bounded connected simply connected C'*° planar patch €2 for which the
largest two eigenvalues of Gq are simple and F;(£2) > Fy(92).

Proof. Let B be the unit disk. Denote its largest two eigenvalues by Ao > A1, and let ¢ be its
positive normalized principal eigenfunction. Set

m2

m:/ >0, Fp="""  max{\/h,1/v2} <1< 1. (6.1)
B T
Let I'p be the union of the unit disk centered at zero and two radius-r disks centered at +Re;.

On a fixed direct sum of three unit-disk Hilbert spaces, translations and unitary dilations identify its
operator with

10



Gr=D+R'WV+0O(R?, D=diag(Gp,rGp,rGp), (6.2)

in operator norm. Indeed, on distinct bounded component disks the kernel has a uniform inverse-
distance expansion, while each diagonal block is exact. The eigenvalue Ag of D is simple. The next
eigenvalue is 1)\, with multiplicity two, separated from the rest by (6.1).

In the orthonormal basis of the two satellite ground states, compression of V' to this eigenspace is

0 b r2m?
(b O)’ b= i > 0. (6.3)

The numerator uses the integral rm of a normalized radius-r disk eigenfunction, and the denomi-
nator uses the satellite separation 2R. Coupling with the central disk affects this isolated cluster only
at second order.

For clarity, this last assertion follows by decomposing into the cluster projection P and Q = I — P.
In a fixed neighborhood of r)\g, the @-block of Gr — AI is uniformly invertible. Solve its eigenvector
equation for the ) component and substitute into the P component. The resulting two-dimensional
Schur complement is

(rXo — NI + R'PVP + O(R™?). (6.4)

The two eigenvalues are consequently 7)Ao & b/R 4+ O(R™?2), and their normalized eigenvectors ap-
proach the even and odd satellite combinations. The error in these vectors inside the cluster is O(R™1),
since the first-order matrix has distinct eigenvalues. Spectral separation from all other eigenvalues per-
sists. Thus the plus branch is the simple second eigenvalue of G, while the principal eigenfunction
converges to the central disk ground state. It follows that

Fp 2r2Fp
—5 _ R(g) — .
14272 1Tr) = 1550

Fy(T'g) — (6.5)

Choose a sufficiently large fixed R. Since 2r? > 1, the strict weight inequality holds on I'p.

It remains to connect the disks. Join them along the intervening horizontal segments by channels
of width tending to zero, and round the finitely many junctions. This gives bounded simply connected
C* domains Q5 D I'g, all in a fixed container, with |5 \ T'gr| — 0. One may first enlarge the disks
slightly and then smooth the junctions to preserve containment. No holes are introduced because the
channels connect the three disks along a tree.

Extend all operators by zero to L? of the container and put Es = Q5 \I'g. By (2.1), the E; diagonal
block has norm O(|Es|'/?). The two row bounds for a cross block give, by Schur's test,

IGr g5l < CIT R Es| 2. (6.6)

Hence the zero-extended operators converge in norm. Resolvents and the spectral projections of the
isolated simple first two eigenvalues converge in norm, by the resolvent identity and contour integration.
Choosing eigenvector signs consistently gives convergence in L?. Also 1 s = 1p, in L?, and the areas
converge. Thus both weights converge and their strict inequality persists for small §. [J

The connected examples in Theorem 6.1 are not claimed to be convex. Smooth convex examples
with arbitrarily small Fy are supplied separately by Corollary 3.1.

11



7. Further questions

The leading operator limit leaves a finer spectral problem. Near an isolated maximum of h, the width
defect competes with a logarithmic longitudinal interaction. Determining a sharp localization scale
and the subleading eigenvalue expansion requires estimates beyond strong convergence. We make no
claim about that expansion here.

When the maximum-width set has positive length, Theorem 1.1 still gives concentration near it,
but does not determine the limiting individual weights. Even for constant-width strips, the limiting
measure is a single atom while the distribution of that mass among fixed indices requires a finer operator
limit. This distinction explains why a uniform capacitance formula does not by itself settle individual
ground-state profiles.

The geometric hypotheses also matter. Intersections, corners in the center curve, or a separation
scale that shrinks with £ may alter the bounded remainder or introduce interactions absent from Lemma
2.3. These cases are outside the present theorems.
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