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Abstract

Let ¢ : H — F be a divisor theory of a commutative Krull monoid, and let M, = {1} U p(H \
H*)F. We show that M, determines the reduced monoid of H, together with its divisor theory. The
reconstruction takes the complete integral closure and then generates a submonoid from its divisibility-
minimal nonunits. Consequently two such conductor monoids are isomorphic exactly when the original
reduced Krull monoids are isomorphic, answering an isomorphism question of Geroldinger, Yan, and
Zhong. We also describe the automorphism group in terms of the characteristic and give an intrinsic
recognition criterion for conductor monoids that arise in this way.

1 The isomorphism question

All monoids in this note are commutative and cancellative, with identity. Write H* for the group of
units, Hyeq = H/H*, and q(H) for the quotient group. A reduced free abelian monoid F' = F(P) consists
of the finite products of primes from P. A homomorphism ¢ : H — F' is a divisor homomorphism if
divisibility of ¢(a) by ¢(b) implies divisibility of a by b. It is a divisor theory if, in addition, every element
of F'is the ged of a finite nonempty subset of ¢(H). It suffices to impose this condition on the primes of
F. A monoid is Krull precisely when it admits a divisor theory.

Geroldinger, Yan, and Zhong associate to a divisor theory the conductor submonoid

My = {1} Up(H\ H*)F. (1)

Immediately after Proposition 4.3 of [2], they ask when the monoids associated to two Krull monoids are
isomorphic. Their notation is F,,. We use M, to distinguish it from the ambient free monoid.

Theorem 1.1. For i = 1,2, let p; : H; — F; be divisor theories of Krull monoids. There is a natural
bijection
ISO(MLM, sz) — ISO((Hl)red, (HQ)red)-

It respects identities and composition. In particular, the two conductor monoids are isomorphic if and
only if the two reduced Krull monoids are isomorphic.

The complete integral closure of a conductor monoid is already identified in [2, Lemmas 3.1-3.2].
The additional observation needed here is that minimal nonunits in that closure recover the atoms of
the original Krull monoid. Thus the proof uses standard divisor theory and is short. The automorphism
and recognition statements below are consequences of the same reconstruction, rather than separate
isomorphism problems.

2 Intrinsic recovery of the original monoid
For a monoid M, its complete integral closure is

M= {z € q(M) : some ¢ € M satisfies cx" € M for every n > 1}.



An isomorphism extends uniquely to quotient groups and carries complete integral closures onto one
another.

Lemma 2.1. Let F' be free abelian, and let I C F be a nonempty ideal with 1 ¢ I. For M = {1} U1,
one has q(M) = q(F) and M = F.

Proof. Fix ¢ € I. For every f € F, both ¢ and cf belong to M, so f = (c¢f)/c € q(M). This proves
equality of quotient groups. Also cf™ € I for all n > 1, proving F' C M. Ifzrc q(F) \ F, some prime
valuation v,(x) is negative. For every fixed b € M, the integer v,(bx™) is eventually negative. Hence bz™
cannot belong to M C F for all n, and z ¢ M. O

Whenever M is free abelian and M is reduced, define
BM)={ae€ M\{1l}:be M\ {1}, b|;a = b=a}.
This definition is intrinsic to M. It uses divisibility in the recovered closure, not divisibility inside M.

Lemma 2.2. Let ¢ : H — F be a divisor theory of a nontrivial reduced Krull monoid. Then
B(M,) = p(A(H)),  (B(My)) = (H).

Proof. The divisor homomorphism ¢ is injective because H is reduced. The nonunits of M, form the
nonempty ideal o(H \ {1})F, and Lemma 2.1 identifies the closure with F'.

Take a € B(M,). Some h € H \ {1} satisfies ¢(h) |r a. The Krull monoid H is atomic, so an atom
u divides h. Since ¢(u) is a nonunit of M, dividing @ in F', minimality gives a = p(u).

Conversely, let u € A(H) and suppose that b € M, \ {1} divides ¢(u) in F'. Choose h # 1 such that
©(h) |F b. The divisor homomorphism property gives h |z u. Thus h = u, and

e(u) = ¢(h) [F bl (u)
forces b = p(u). This proves the first equality. Atomicity proves the second. O

Proof of Theorem 1.1. A divisor theory factors through H,.q, S0 we may suppose both original monoids
reduced. If H; = {1}, the ged condition forces F; = {1}; this case is immediate.

An isomorphism f : M, — M,, extends uniquely to quotient groups. By Lemma 2.1 it restricts
to an isomorphism f : F; — Fy. This extension preserves divisibility and maps B (M, ) onto B(M,,).
Lemma 2.2 therefore gives a restricted isomorphism of ¢1(H;) with ¢o(Hz), and hence one of H; with
Hs.

Conversely, an isomorphism h : H; — Hp identifies two divisor theories of Hy. The uniqueness theorem
for divisor theories [1, Theorem 2.4.7] supplies a unique isomorphism h : F; — F with hp; = @ah.
Equation (1) shows that its restriction maps M., onto M,,. Uniqueness makes the two constructions
inverse and ensures compatibility with composition. O

3 Characteristic and automorphisms
Identify a reduced Krull monoid H with its image in a divisor theory H C F' = F(P). Set

G=q(F)/a(H), Py={peP:[pl=g},  mlg) =[Pl

The group and prime multiplicities are the characteristic. The familiar classification of reduced Krull
monoids by this data is [1, Theorem 2.5.4]. We record explicitly how it answers the conductor question.

Corollary 3.1. Two conductor monoids in Theorem 1.1 are isomorphic exactly when there is a group
isomorphism o : G1 — Go with m1(g) = ma(a(g)) for every g € Gy.



Proof. An isomorphism of conductor monoids extends to the free monoids and preserves the recovered
submonoids, so it induces the required isomorphism on quotient groups and bijections of prime fibers.
Conversely, choose such fiber bijections. The resulting isomorphism of free monoids carries q(H;) onto
q(Ha). Since a divisor homomorphism identifies

H; = q(H;) N F, (2)
it carries Hy onto Hs, and therefore also the conductor monoids. O
Corollary 3.2. Let I' = {a € Aut(G) : m(a(g)) = m(g) for all g € G}. There is a split exact sequence

1— [ Sym(P,) — Aut(M,) — T — 1.
geG

Thus, after choices of labels on the prime fibers,

Aut(M,) = | J] Sym(Py) | »T.
geG

The product is unrestricted, including when P is infinite.

Proof. Theorem 1.1 identifies automorphisms with prime permutations preserving H, equivalently its
quotient-group kernel. The kernel of their action on G consists exactly of the independent permutations
within the fibers P,. Every member of I' lifts by choosing fiber bijections, as in Corollary 3.1.

For a splitting, choose, for each cardinal k occurring among the multiplicities, a fixed set X, and
bijections Py, — {g} x Xp,(g). Lift @ € I by (g,7) — (a(g),r). These lifts compose and preserve the
quotient-group kernel. Every permutation of an infinite prime set still acts on its free abelian monoid,
since each monomial has finite support. ]

For a Dedekind domain, the associated conductor monoid can be described as the unit ideal together
with the nonzero ideals contained in a proper principal ideal [2, Example 4.4]. The reconstruction recovers
the monoid of nonzero principal ideals and its divisor theory. It recovers the multiplicative monoid modulo
units, not the addition law or the unit group of the domain.

4 Recognition and examples

The construction does not exhaust all conductor submonoids. The following criterion gives an intrinsic
test.

Proposition 4.1. Let M = {1}UI C F, where F is free abelian and I is a nonempty proper ideal. Put
K = (B(M)) C M = F. Then M is isomorphic to the conductor monoid of a divisor theory of a Krull
monoid if and only if

1. K=q(K)NF;
2. every prime of F' is the ged of a finite nonempty subset of K.
When these conditions hold, the inclusion K C F' is the recovered divisor theory and M = {1}U(K\{1})F.

Proof. For every x € I, choose a divisor of z in I of least free-monoid length. It lies in B(M ). Hence I =
B(M)F. The two stated conditions say respectively that the inclusion K C F is a divisor homomorphism
and that it satisfies the ged condition. Thus they make it a divisor theory, with K Krull. Since B(M) C
K\ {1} C I, its associated conductor monoid is exactly M.

Conversely, any isomorphism with a conductor monoid of a divisor theory extends to the free closures.
Lemma, 2.2 identifies K with the image of that Krull monoid, proving both conditions. O



If F has finite rank, B(M) is a finite antichain of exponent vectors. To check condition (2), it suffices,
for each prime p, to take the ged of

B,={a€eB(M):p|ra}

and require it to be p. Indeed, if p divides a product of elements of B(M), it divides at least one factor.
The ged of all p-divisible elements of K therefore equals the ged of B,,. Condition (1) is the equality of the
affine monoid generated by these vectors with the intersection of their integer span and the nonnegative
orthant. This formulation separates saturation from the indispensable gcd condition.

Example 4.2. In additive notation, let » > 2, d > 1, and
M,qg={0}U{aeNj:a1+ - +a >d}.
The minimal elements are exactly the vectors of coordinate sum d. Their generated monoid is
Krg={aeNj:a1+---+a =0 (modd)}.

To see the equality, repeatedly remove a nonnegative subvector of sum d. Its quotient group consists
of the integer vectors whose coordinate sum is divisible by d: differences of degree-d vectors include
e; — ej, and de; is present. Thus condition (1) holds. For d > 1, the coordinatewise minimum of de; and
ei + (d — 1)e;, with j # i, is e;. For d =1, e; itself is present. This verifies condition (2).

The recovered class group is Z/dZ, with all r primes in the class of 1. Its only automorphism preserving
the occupied class fixes 1 and is the identity. Consequently Aut(M, ) = Sym(r). The class group
recovered from the conductor monoid distinguishes the parameter d, even though this automorphism
group does not.

Example 4.3. For d > 1, the rank-one conductor monoid M = {0}U{d,d+1,...} C Ny has B(M) = {d}
and K = dNy. It satisfies K = q(K) N Ny, but no ged of nonzero elements of K is 1. Proposition 4.1
shows that M is not isomorphic to the conductor monoid of any divisor theory of a Krull monoid. An
arbitrary divisor homomorphism cannot replace a divisor theory in Theorem 1.1.
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