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Abstract

For a complex parameter A, let Q) be the closure of {0,1} under the operation (a,b) —
(1—=X)a+ b, without taking topological closure. We characterize @, for every algebraic integer
A # 0,1 by inequalities at its conjugates in (0,1) and two endpoint congruences. The proof
lifts polynomial residue classes to integer polynomials strictly between zero and one on (0, 1),
using classical integer-coefficient approximation with control at the endpoints. Together with
the algebraic-integrality theorem of Fenner, Green, and Homer, the characterization proves that
@) is discrete exactly when A is a strong PV number. Every nondegenerate discrete @)y is a
Meyer set, and equality with the unrestricted internal-cube model set is determined by the two
integers |my(0)| and |mx(1)|. We also prove finite generation of the entire cube model set, with
a seed of size at most [mx(0)my(1)] + 2. These results resolve the corresponding extrapolation
questions in all degrees.

1 Introduction and results

For A € C and S C C, let @x(S) be the least superset of S closed under
a*,\b:(l—)\)a—i—)\b, Q,\:Q)\({O,l}).

Only finite expressions are allowed in @) (S). Its topological closure is a different object.

A strong PV number is an algebraic integer whose conjugates other than itself and its complex
conjugate all belong to (0,1). This includes every rational integer and every nonreal quadratic
integer. Fenner, Green, and Homer [1] relate extrapolation sets to aperiodic order and prove
discreteness for strong PV parameters. Their Section 11 asks for the converse, relative density,
equality with the natural model set, and finite generation of that model set. Earlier versions of
these questions appear in [3, 2].

Our main tool is an exact lifting result for integer polynomials modulo a prescribed polynomial.
Its arithmetic consequence is the following theorem.

Theorem 1. Let A # 0,1 be an algebraic integer, let m € Z[X] be its monic minimal polynomial,
and put O = Z[N]. Let pi, ..., pi be all the conjugates of X in (0,1), and let o; : Q(A) — R send A
to ;. Then
Qr={0,1} U {a€O0:0<0(a) <1 (1<i<k),
a mod \O € {0,1}, (1)
amod (1 —X)O €{0,1}}.
Here {0,1} in a quotient means the images of those integers, which may coincide. If k = 0, the
inequalities impose no restriction. If A € (0,1), its identity embedding is among the o;.



The two quotient rings are particularly simple:
O/NO = Z/m(0)Z,  Of(1—NO = L/m(1)Z. (2)

They record evaluation at 0 and 1 of a polynomial representative. No maximal-order hypothesis is
imposed on O.

Theorem 2. For every \ € C, the set Qy is discrete if and only if A is a strong PV number.

For the remaining results, take a strong PV number A # 0,1 and retain the notation of Theo-
rem 1. Put

a* = (o1(a),...,o(a)), My={acO:a" c[0,1]"}, I=X1-XO.

When k = 0, set My = O. The physical space F is R for real A and C = R? for nonreal A. A set
is relatively dense if every point of the physical space is within a fixed distance of it. It is a Meyer
set if it is relatively dense and its difference set is uniformly discrete.

Theorem 3. For every strong PV number X\ # 0,1, the set Qx is a model set with internal group
RF x (0/1),
and it is a Meyer set in F'. Moreover,
Qr=M, <<= |m(0)|<2 and |m(1)] <2. (3)

For a nonreal quadratic integer A, the set Q@ is a finite union of cosets of the lattice I and is
therefore periodic.

Theorem 4. For every strong PV number X\ # 0,1, there is a finite set Y C M)y such that
OY) =My Y] < [m(O)m(1)] +2.
One may take representatives in My of all residue classes modulo I, together with 0 and 1.

Corollary 5. The set Qy is relatively dense in R for every A\ € R\ [0,1], and in C for every
AeC\R.

Theorem 2 proves [1, Conjecture 11.1]. Theorem 3 answers Question 11.2 and the quadratic
Question 11.6; Corollary 5 answers Question 11.3. Theorem 4 proves the finite-generation assertions
of Conjectures 11.4-11.5 for nondegenerate parameters. If the phrase “any strong PV number” in
Conjecture 11.5 is read literally to include 0 and 1, these are exceptions: Qo(Y) = @Q1(Y) =Y,
whereas My = M; = Z under the empty-window convention. Throughout our finite-generation
statements they are explicitly excluded.

The quadratic cases of (3) recover the four families already classified in [1, Theorem 6.9]. The
contribution is the exact arithmetic description and its consequences in arbitrary degree. These
consequences use one common argument, rather than separate classifications by dimension.



2 Integer approximation and finite extrapolation trees

We first record two classical approximation facts in a form that makes integrality explicit. The
first is the integer-approximation theorem of Chlodovsky and Kantorovich; see [4] for its history
and quantitative refinements.

Lemma 6. If h : [0,1] — R s continuous and h(0),h(1) € Z, then for every € > 0 there is
H € Z[X] with |[H — h|lec < €.

Proof. The ordinary Bernstein polynomial is

n

Bh(X) =Y <’;> h(j/n) X7 (1 — X)),

J=0

Round each coefficient (?)h(] /n) to the nearest integer. The coefficients for j = 0,n are already
integral. Since (7;) >n for 1 < j <n—1, the resulting integer polynomial H,, satisfies

n—1

1 . . 1
H,(t)— B,h(#)| <= #H(1—-t)"7 < — <t<1).
) = B0 5 X P00y T <5 02es

Bernstein’s uniform approximation theorem now gives H,, — h uniformly. O

Lemma 7. Let p € R[X] be strictly positive on (0,1) and nonnegative at both endpoints. For every
sufficiently large n, its coefficients in the basis

Xi1-XxX)"7, 0<j<n,
are nonnegative. If p € Z[X], those coefficients are integers.

Proof. Factor p = X%1 — X)’h, where a,b > 0 and h > 0 on [0,1]. For a fixed polynomial
h(X) = Zgzo hsX?, its normalized Bernstein coefficients of degree n > d are

()
ﬁj,n = Z hsﬁa
s=0 s

where (j)s = j(j—1)---(j —s+ 1) and (j)o = 1. For each fixed s, the quotient (j)s/(n)s differs
from (j/n)® by Os(1/n) uniformly in 0 < j < n. Thus 3;, — h(j/n) — 0 uniformly. The positive
minimum of h gives positivity of all j3;, for large n. Multiplication by X¢(1 — X )b preserves
nonnegativity in the unnormalized basis.

For integrality, use
n—s , ,
X% = XI(1—X)".
(G- )ram

Jj=s

Every integer polynomial of degree at most n consequently has integer coefficients in this basis. [

Lemma 8. Suppose p1,...,p; € Z[X]| sum to 1, and each is either zero or strictly positive on (0,1)
and nonnegative at the endpoints. For arbitrary yi,...,y; € C and A € C,

l
i=1

3



Proof. Choose one large degree n for all the polynomials in Lemma 7. Write their unnormalized
coefficients as ¢; j € Z>o. The partition identity gives

!
>eu= ()
17] - - °
i=1 J
A complete binary extrapolation tree of depth n has exactly (?) leaves with j right branches. Each

such leaf has weight M (1—\)"~7. Label exactly c; ; of them by y;. The tree evaluates to the desired
sum. O

Corollary 9. An integer polynomial is generated from 0,1 by (p,q) — (1 — X)p + Xq if and only
if it is 0, 1, or strictly between 0 and 1 on (0,1).

Proof. Finite trees give the necessity: at an interior argument all leaf weights are positive, so a
tree using both labels has value strictly between zero and one. Conversely, a polynomial p strictly
between zero and one has endpoint values in {0, 1}, and Lemma 8 applied to 1 — p, p constructs the
required tree. O

This is the characterization of [1, Theorem 3.6]. We have included a proof to make the finite-tree
step, also needed with more than two leaf labels, self-contained.

3 Lifting with endpoint control

Lemma 10. Let m, R,w € Z[X] satisfy m(0)m(1) # 0 and w(t) > 0 on (0,1). Suppose there are
integers hg, h1 such that, on putting

HoZ(l—X)h0+Xh1, F0=R+mX(1—X)HQ,
the following conditions hold:

1. 0 < R(p) < w(p) at every real zero p of m in (0,1);

2. near each endpoint, 0 < Fy(t) < w(t) and both Fy(t) and w(t) — Fy(t) are at least a positive
constant times t(1 —t).

Then some H € Z[X] makes
P=R+mX(1—-X)H

satisfy 0 < P(t) < w(t) for every 0 <t < 1.

Proof. Let W = mX(1 — X). By the first condition and continuity, 0 < Fy < w also holds in
neighborhoods of the interior real zeros of m. Choose a continuous function x : [0,1] — [0, 1] that
vanishes on smaller neighborhoods of all these zeros and the endpoints, equals one outside slightly
larger neighborhoods, and transitions only where 0 < Fy < w. Such a function can be chosen
piecewise linear. Define
’LU/2 — F()

W
where the second term is extended by zero near the zeros of W. Then h is continuous and its
endpoint values are the integers hg, h1. Also

h = Hp + x

F:=R+Wh=(1-x)Fy+ xw/2



lies strictly between zero and w throughout (0,1). It agrees with Fj near the endpoints. The
endpoint lower bounds and compactness of the remaining interval give n > 0 such that

min(F(t), w(t) — F(t)) > nt(1—t)  (0<t<1).

By Lemma 6, choose H € Z[X] with

1H = hloo < ——"——.
maxig j |m|
Then |P(t) — F(t)| < nt(1 —t) on (0,1), proving the assertion. O

Theorem 11. Let m,p € Z[X] with m(0)m(1) # 0. Thereis P € p+mZ[X]| satisfying0 < P(t) < 1
for all 0 <t < 1 if and only if

0<p(p) <1 atevery real zero v of m in (0,1),

p(0) mod m(0) € {0,1}, p(1) mod m(1) € {0,1}. )

Proof. Necessity follows by evaluation, including continuity and integrality at the endpoints. Con-
versely, choose e, e; € {0,1} in the specified residue classes. There is an integer linear polynomial

qo with
eo — p(0) e1 —p(1)
0) = ———=— )= ——"—F"+
Set R = p + mqo, so R(0) = ey and R(1) = e;. Adding mX (1 — X)H, changes its endpoint
derivatives to

R'(0) +m(0)ho, R'(1) = m(1)hy.

Choose integers hg, h1 to make these derivatives strictly inward: at zero the sign is positive if eg = 0
and negative if eg = 1; at one the sign is negative if e; = 0 and positive if e; = 1. This is possible
because m(0), m(1) are nonzero. The resulting function and its complement have the required
positive linear lower bounds near the endpoints. Apply Lemma 10 with w = 1. The resulting P
still belongs to p + mZ[X]. O

Proof of Theorem 1. Every element of Q) is p(\) for a polynomial generated by a finite tree. Corol-
lary 9 gives its strict inequalities at the internal conjugates, unless it is 0 or 1, and its endpoint
values give the two congruences.

Conversely, take a = p(\) satisfying (1). The kernel of evaluation Z[X]| — O is mZ[X], since m
is monic. Reducing further modulo A or 1 — A gives (2). Thus p satisfies (4). Theorem 11 gives a
representative P strictly between zero and one, and Corollary 9 yields a = P(\) € Q. ]

4 Discreteness

We use the full Minkowski embedding of the number field K = Q()) into R” x C?, treated as a real
space of dimension [K : Q]. The image of a nonzero ideal of the order O is a full lattice.

Proof of Theorem 2. If @y is discrete, then X is an algebraic integer by [2, Theorem 8.2]; this
theorem applies to arbitrary complex parameters. The values 0,1 are strong PV and have Q) =
{0,1}. For 0 < A < 1, iterated subdivision of [0, 1] at ratio A gives points in @ with largest gap at
most max(A, 1 — \)"™. Hence @) is dense in [0, 1], so this case is not discrete.

Suppose now that A ¢ [0, 1] is an algebraic integer that is not strong PV. In the Minkowski
embedding distinguish the physical coordinate of A (a real coordinate or a complete complex pair)



and the k real internal coordinates in (0,1). Since A is not strong PV, at least one real dimension
is left over.

Put ap = A(1 — A). Every internal value p;(1 — p;) lies strictly between zero and one. Fix n > 0
smaller than its distance to each boundary; if £ = 0, choose any n > 0. For each € > 0, consider
the symmetric box in the Minkowski space that bounds each physical real coordinate by &, each
internal coordinate by 7, and all remaining coordinates by T'. Its volume tends to infinity with
T. Minkowski’s convex body theorem therefore gives a nonzero § € I satisfying the physical and
internal bounds for sufficiently large T.

Both ap and § lie in I, and every internal value of ag + 0 lies in (0,1). Theorem 1 implies
ap + 9 € Q). Letting e — 0 gives nonzero physical values § — 0, because an embedding of a field
is injective. Thus ag is an accumulation point of @)y, contradicting discreteness.

For the converse, let A be strong PV. It cannot belong to (0, 1), since then the product of all its
conjugates would be a nonzero integer of absolute value less than one. The exceptional parameters
0,1 were handled above. Otherwise the full Minkowski space consists exactly of the physical and
internal coordinates. Formula (1) places @) inside M,. Differences of its points have internal
coordinates in [—1, 1}’“ . A compact physical neighborhood times this internal cube meets the order
lattice in finitely many points. The nonzero physical norms among them have a positive minimum,
S0 @, is uniformly discrete. O

5 Arithmetic model sets

We give the needed density statement with proof to avoid assumptions about the order or its ideals.

Lemma 12. Let J be a full Z-lattice in a number field K. Its projection onto any proper collection
of real embeddings and complete complex pairs is dense in the corresponding real vector space.

Proof. On the full Minkowski space use the nondegenerate real bilinear form

T S

B(v,w) = Zviw,- + 2ReZvjwj.

i=1 j=1
For field elements this is Trg g(ab). The lattice dual to the image of J for B is the image of
JV ={be K : Trgg(bJ) C Z}.

Indeed the trace-dual basis of a Z-basis of J lies in K, by nondegeneracy of the rational trace
pairing.

If the projected subgroup were not dense, its closure would be a proper closed subgroup of a
real vector space. The decomposition of such a subgroup into a vector space and a lattice gives
a nonzero real linear functional taking integer values on it. Extend this functional by zero on the
omitted coordinates. Its representing vector for B belongs to the dual lattice and has zero in every
omitted coordinate. Thus it is the image of some b € K with one embedding equal to zero. This
forces b = 0, contrary to the choice of the functional. O

Let C = O/I. The two endpoint ideals are comaximal since A 4+ (1 — \) =1, so
C =2 m(O0)Z x Z/m(1)Z,  |C| = [m(0)m(1)]. (5)

Write E C C for the pairs with each coordinate in {0,1}. For a strong PV parameter A # 0,1,
define
L={(a,a*;amodI):aec O} CFxRFxC.



This is a discrete cocompact subgroup. Discreteness follows from the Minkowski lattice; cocom-
pactness follows by reducing the Minkowski coordinate into a compact fundamental region, leaving
only the finite coordinate in C'. Projection to the physical space is injective. Projection to the
internal group R* x C is dense: in each residue class the real internal values are a translate of I*,
which is dense by Lemma 12. When k = 0, this says simply that the projection onto C' is surjective.

A model set for this scheme is obtained by retaining the physical coordinates of lattice points
whose internal coordinates lie in a relatively compact window with nonempty interior. Set

W =1[0,1]* x E.

Any internal value of a field element equal to 0 or 1 forces the element itself to be 0 or 1. Thus

Theorem 1 gives exactly
Qr={a€O:(a*;amod I) € W}. (6)

The closed window makes no extraneous boundary points.

Lemma 13. The set in (6) is relatively dense and its difference set is uniformly discrete.

Proof. Choose a compact set Ky with £ + Ky = F x RF x C. For a physical point z, write
(2,0) =1+ wu with [ € £ and u € K. The internal coordinate of [ belongs to a fixed compact set.
For each possible internal value ¢, density of the internal projection gives I’ € £ with ¢ +1{ , € W°.
The same I’ works in a neighborhood of ¢, and compactness leaves only finitely many necessary
choices of I’. Consequently [ + " is a selected lattice point at uniformly bounded physical distance
from z. This proves relative density.

A difference of two selected points has internal coordinate in W — W. A difference of two such
differences has internal coordinate in W — W — W + W, a compact set. Discreteness of £ implies
that only finitely many lattice points have this internal constraint and physical norm at most one.
Every nonzero such point has a nonzero physical coordinate by injectivity. Taking the minimum of
their nonzero norms and one gives a positive separation bound for the difference set. ]

Proof of Theorem 3. The model-set and Meyer assertions follow from (6) and Lemma 13. Every
class modulo I meets My: for k > 0 apply Lemma 12 to I and the open cube; for kK = 0 there is
no internal restriction. Hence Q) = M, holds exactly when E = C. By (5), this is equivalent to
each endpoint quotient having at most two elements, which is (3). For a nonreal quadratic integer,
k =0 and O is a lattice in C; (6) is precisely a union of the cosets of I indexed by E. O

Proof of Corollary 5. Strong PV parameters in the indicated ranges are covered by Theorem 3.
For every other parameter in these ranges, Theorem 2 gives nondiscreteness. By [2, Corollary 3.5
and Theorem 2.19], the topological closure is then R or C, respectively. A dense subset of either
space is relatively dense. O

6 Finite generation of the full cube

Proof of Theorem 4. By Lemma 12, every class in C' has a representative in M. Choose such
representatives and add 0,1, obtaining Y with the stated size bound. The set M) is A-convex
because each internal operation is interpolation with parameter u; € (0,1). Thus Q\(Y) C M,.

For the reverse inclusion, fix a € My \ {0,1}. Every internal coordinate of a is strictly between
zero and one. Choose yr,,yr € Y such that

a=yr (mod \O), a=yr (mod (1—-X)0O).



Let r,u,v € Z[X] represent a,yr,yr, respectively. For an integer N > 2, put
b =01-X)Y,  bp=XY  w=1-by,—bg,  f=r—uby—vbg.
As N — oo, the values by (u;), br(u;) tend to zero. Choose N large enough that
0< f(u) <w(p) (1<i<h), N >max(mO), m(1)]). (7)

This is possible since 0 < ¢;(a) < 1 and the internal seed values lie in [0, 1]. If £ = 0, only the last
inequality is needed.
The chosen residues give m(0) | f(0) and m(1) | f(1). Choose an integer linear polynomial gy
so that R = f + mgqo has both endpoint values zero. The derivatives after adding mX (1 — X)H,
are
R'(0) + m(0)ho, R'(1) —m(1)hy.

Each runs through an integer residue class with modulus |m(0)| or |m(1)|. An open interval of
length N larger than that modulus contains a member of every such class. Choose integers hg, h1
so that

0 < R'(0) + m(0)hy < N, ~N < R'(1) —m(1)hy <0.

Since w’(0) = N and w/(1) = —N, these inequalities ensure that both Fy and w — Fyy have positive
linear lower bounds near the endpoints. The internal inequalities in (7) supply the other hypothesis
of Lemma 10. We obtain an integer polynomial

p € f+mZX], 0<pi(t) <w(t) (0<t<1),

with p1(0) = p1(1) = 0. Set po = w — p1. Then pg, p1,br, br are integer polynomials, each positive
on (0,1) and nonnegative at both endpoints, and

po+p1+br +br=1

Evaluation at A gives
po(A) 0+ p1(A) 1+ br(Nyr + br(Nyr = a.

By Lemma 8, the right-hand side belongs to @,(Y"). The elements 0, 1 were already in Y, completing
the proof. O

The degree of the tree in this proof depends on the target point, including how close its internal
coordinates are to the cube boundary. The theorem bounds the size of the seed, not the degree or
the number of extrapolation steps uniformly over all points.

7 Examples and further directions
For an integer parameter g # 0, 1, the criterion reduces to

Qq={a€Z:amodgqe{0,1}, amod (1—gq)ec{0,1}}.

This recovers the integer classification in [2]; it is not a new special case. For A = 2i, the order
is Z[2i] and the minimal polynomial is X2 + 4. Writing an element as a + 2bi gives the explicit
periodic description

Q2 ={a+2bi:a,bcZ, amod4c{0,1}, (a+Db) modb5ec{0,1}}.



It consists of four cosets of the index-twenty lattice (4 + 2i)Z[21].
As a higher-degree example, let A be the largest root of

m(X)=X>-6X%+5X — 1.

There is one root in each of (0,1/3), (1/3,1), and (5,6), by sign changes; the rational-root test
proves irreducibility. Thus A is strong PV. Since m(0) = m(1) = —1, Theorem 3 gives @ = M,. By
contrast, a strong PV minimal polynomial with |m(0)| > 2 or |m(1)| > 2 has a proper congruence
restriction even though its extrapolation set is still Meyer and its full cube is finitely generated.

The lifting proof suggests quantitative questions about the smallest possible seed and the short-
est extrapolation trees. Explicit degree bounds in terms of the internal distance to the boundary,
the coefficients of m, and the chosen residue representatives would make the construction more
effective. The present results establish exact membership, discreteness, and finite generation; they
do not claim optimal seed size or optimal computational complexity.
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